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1. Introduction

An essential feature of multiagent network systems is that these systems possess a continuum of equilibria [1,2].
Since every neighborhood of a nonisolated equilibrium contains another equilibrium, a non-isolated equilibrium cannot be
asymptotically stable. Hence, asymptotic stability is not the appropriate notion of stability for systems having a continuum
of equilibria. For such systems possessing a continuum of equilibria, semistability [3,4] is the relevant notion of stability.
Semistability is the property whereby every trajectory that starts in the neighborhood of a Lyapunov stable equilibrium
converges to a (possibly different) Lyapunov stable equilibrium. It is important to note that semistability is not equivalent
to set stability of the equilibrium set. Indeed, it is possible for trajectories to approach the equilibrium set without any
trajectory approaching any single equilibrium [4].

Since communication links among multiagent systems are often unreliable due to multipath effects and exogenous
disturbances, the information exchange topologies in network systems are often dynamic. In particular, link failures or
creations in network multiagent systems result in switching of the communication topology. This is the case, for example,
if information between agents is exchanged by means of line-of-sight sensors that experience periodic communication
dropouts due to agent motion. Variation in network topology introduces control input discontinuities, which in turn give
rise to switched dynamical systems. In this case, the vector field defining the dynamical system is a discontinuous function
of the state and/or time, and hence, system stability should involve analysis of semistability of switched systems having a
continuum of equilibria.

Building on the results of [1,5], in this paper we develop semistability and uniform semistability analysis results for
switched linear systems. Since solutions to switched systems are a function of both the system initial conditions and
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the admissible switching signals, uniformity here refers to the convergence rate to a Lyapunov stable equilibrium as
the switching signal ranges over a given switching set. The main results of the paper involve sufficient conditions for
semistability and uniform semistability using multiple Lyapunov functions and sufficient regularity assumptions on the class
of switching signals considered. Specifically, using multiple Lyapunov functions whose derivatives are negative semidefinite,
semistability of the switched linear system is established. If, in addition, the admissible switching signals have infinitely
many disjoint intervals of length bounded from below and above, uniform semistability can be concluded. Finally, we note
that the results of the present paper can be viewed as an extension of asymptotic stability results for switched linear systems
developed in [6,7,5].

Although the results of this paper are confined to linear systems, nonlinear semistability theory for switched dynamical
systems is considered in [8].

2. Switched dynamical systems

The notation used in this paper is fairly standard. Specifically, R denotes the set of real numbers, Z denotes the set of
integers, Z,. denotes the set of nonnegative integers, Z, denotes the set of positive integers, C denotes the set of complex
numbers, R" denotes the set of n x 1 real column vectors, Re A denotes the real part of A € C, (-)T denotes the transpose,
and ()P denotes the Drazin generalized inverse. For A € R™™ we write rank A to denote the rank of A, & (A) to denote
the null space of A, R(A) to denote the range space of A, and for A € R™" we write spec (A) to denote the spectrum of A.
Furthermore, we write | - || for the Euclidean vector norm, B, («), @ € R", ¢ > 0, for the open ball centered at « with radius
g, dist(p, M) for the distance from a point p to the set .M, that is, dist(p, M) 2 infycy ||[p — X||, and x(t) — M ast — oo to
denote that x(t) approaches the set .M, that is, for each ¢ > 0 there exists T > 0 such that dist(x(t), M) < e forallt > T.

In this paper, we consider switched linear systems G, given by

X(t) =Asnx(t), o(t) €8, x(0) =xp, t >0, (1)

where x(t) € R", Ay € R™", 0 : [0,00) — & denotes a piecewise constant switching signal, and § denotes the set
of switching signals. The switching signal o effectively switches the right-hand side of (1) by selecting different vector
fields from the parameterized family {Apx : p € #}. The switching times of (1) refer to the time instants at which the
switching signal o is discontinuous. Our convention here is that o (-) is left-continuous, that is, o (t~) = o (t), where
o(t7) £ limy_, g+ o (t + h). The pair (x, o) : [0, 00) x 4 — R" is a solution to the switched system (1) if x(-) is piecewise
continuously differentiable and satisfies (1) for all t > 0. The set $,[t, T],t > 0,T € [0, oc], denotes the set of signals o for
which there is an infinite number of disjoint intervals of length no smaller than T on which o is constant, and consecutive
intervals with this property are separated by no more than T [5] (including the initial time). Finally, a point x. € R" is an
equilibrium point of (1) if and only if A, (yXe = O forall o'(t) € S and forall t > 0.
We assume that the following assumption holds for (1).

Assumption 1. (,_, N (Ay) — {0} # O.

Let & £ {x. € R" : ApiyXe = 0,0(t) € §,t > 0}.Then & = [
important to note that our results also hold for the case where
do not consider this case in the paper.

e N (Ap) and & contains an element other than 0. It is

e N (Ap) = {0}. However, due to space limitations, we

Definition 2.1. (i) An equilibrium point x. € & of (1) is Lyapunov stable if for every switching signal o € 4§ and every
& > 0, there exists § = §(o, €) > 0such that for all ||xg — Xe|| < &, ||x(t) — Xe|| < € forall t > 0. An equilibrium point
Xe € & of (1) is uniformly Lyapunov stable if for every ¢ > 0, there exists § = §(¢) > 0 such that for all ||xg — x| < 3,
|x(t) — xe|| < eforallt > 0.

(ii) An equilibrium point x. € & of (1) is semistable if for every switching signal o € 4, X, is Lyapunov stable and there
exists § = §(o) > Osuch that forall ||xg — x.|| < §,lim;_, o, x(t) = zand z € & is a Lyapunov stable equilibrium point.
An equilibrium point xe € & of (1) is uniformly semistable if x. is uniformly Lyapunov stable and there exists § > 0 such
that for all ||xg — Xe|| < 8, lim;_, o, x(t) = z uniformly in o and z € & is a uniformly Lyapunov stable equilibrium point.

(iii) The switched system (1) is semistable if all the equilibrium points of (1) are semistable. The switched system (1) is
uniformly semistable if all the equilibrium points of (1) are uniformly semistable.

Next, we present the notion of semiobservability which plays a critical role in semistability analysis of linear dynamical
systems. For details, see [9].

Definition 2.2 ([9]). Let A € R™" and C € R'*". The pair (A, C) is semiobservable if

(W (CA") = N (A). (2)
k=1
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Semiobservability is an extension of the classical notion of observability. In particular, semiobservability is an extension
of zero-state observability to equilibrium observability. For details, see [9]. The following lemmas and propositions are needed
for the main results of the paper.

Lemma 2.1. Let A € R™" and C € R™". If the pair (A, C) is semiobservable, then
N(A) NN(C) = N(A). (3)

Proof. Note that, by definition of semiobservability, & (A) N & (C) € N (A). Let x € N (A). Then it follows from (2) that
Cx = 0, and hence, N (A) € N (A) N N (C).Thus,(3) holds. ®

Lemma 2.2 ([10,9]). Consider the switched dynamical system (1). Assume that there exists a family {P, : p € £} of symmetric,
nonnegative-definite matrices such that, for every o € 4,

0=AP,+PA, +Ry, pe2P, (4)
where R, = C;Cp, G e R™", and the pair (Ap, Cp) is semiobservable for every p € & and for an appropriately defined set of
symmetric, nonnegative-definite matrices {R, : p € 2}. Then the following statements hold:

(i) N(Pp) © N(Ap) S N(Ry),p € P.
(i) M (Ap) N R(Ay) = {0}, p € 2.

Proposition 2.1. Consider the switched dynamical system (1). Assume that there exists a compact family {P, : p € £} of
symmetric, nonnegative-definite matrices such that, for every o € 3, (4) holds, the pair (A,, C,) is semiobservable for every
p € P and for an appropriately defined set of symmetric, nonnegative-definite matrices {R, : p € £}, and

X' (O) Pty + Ly Lo 0)%(8) < X' (0)(Poy + L o Lo@))X(0), £ >0, (5)
where L, £ I, — ApAg. Then (1) is Lyapunov stable. If, in addition, {A, : p € $} is a compact set, then (1) is uniformly Lyapunov
stable.

Proof. Letp € ».Since, by Lemma 2.2, & (A;) N R(A,) = {0}, it follows from Lemma 4.14 of [ 11] that A, is group invertible.
Furthermore, since Lﬁ = Lp, L, is the unique n x n matrix satisfying & (L,) = R(Ap), R(L,) = N (Ap), and L,x = x for all
x € N(Ap).

Consider the multiple nonnegative functions

Vo(X) = x"Ppx + X'L)L,x, pe P, xR, (6)

where P, satisfies (4). If V,(x) = 0 for some x € R", then P,x = 0 and L,x = 0. It follows from (i) of Lemma 2.2 that
X € N(Ap), while L,x = 0 implies x € R(Ap). Now, it follows from (ii) of Lemma 2.2 that x = 0. Hence, the family of
functions V, (-) are positive definite. Now, for every x. € &, consider the multiple Lyapunov function candidates V,,(x — x.),
p € #. Note that since Apxe = 0 for all p € #, it follows that x(t) — X, t > 0, is also a solution of (1). Now, it follows from
(5) that
Vo) (x(8) —Xe) < V(- (X(t) —Xe), t>0. (7)
Next, note that

V() (X(£) — Xe)

—(X() = Xe) "Ry 0y (x(1) — X&) + 2(x(1) — X&) LY () Lo (1) (1) (X (1) — Xe)
—(x(t) = Xe) "Ry o) (x(1) — Xe)
<0, t>0. (8)

Now, it follows from Theorem 2.3 of [12] that (1) is Lyapunov stable. Finally, if {A, : p € &} is compact, then {L;Lp :p € P}
is compact. Hence, it follows from Theorem 3 of [5] that (1) is uniformly Lyapunov stable. ®

Proposition 2.2. Consider the switched dynamical system (1). Assume that every point in & is Lyapunov stable. Furthermore,
assume that for a given o (t) € 8 and xo € RY, the trajectory of (1) satisfies x(t) — & ast — oo. Then x(t) — zast — oo,
where z € &. Alternatively, assume that every point in & is uniformly Lyapunov stable and for a given xy € RY, the trajectory of
(1) satisfies x(t) — & ast — oo uniformly in o (t) € 8. Then x(t) — z ast — oo uniformly in o (t) € 8, wherez € &.

Proof. Let x. € &. Choosing x, sufficiently close to x., it follows from Lyapunov stability of x. that the trajectories of (1)
starting sufficiently close to x. are bounded, and hence, there exists an increasing sequence {t;};°; such that lim;_, o, x(t;)
exists. Next, since x(t) — & ast — oo, it follows that lim;_, o, x(t;) € &.Letz £ lim;_, o x(t;) € &. We show that
lim;_, o, X(t) = z. Note that, by assumption, z € & is a Lyapunov stable equilibrium point. Let ¢ > 0 and note that since
z is Lyapunov stable, it follows that there exists § > 0 such that x(t) € B.(z) for all x, € B;s(z) and t > 0. Next, since
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z = lim;_ o X(t;), it follows that there exists k > 1 such that x(t;) € 8B;5(z). We claim that x(t) € B,(z) forallt > t.
Suppose, ad absurdum, x(t) & B.(z) for some t > t,. Then, by continuity of x(-), there exists 7; > t; such that x(t;) & B.(z)
for every i > k. Namely, there exists a divergent sequence {t;}{°, such that x(z;) ¢ 8B.(z) for all 7; > t. This contradicts the

i=
Lyapunov stability of z. Since ¢ is arbitrary, it follows that z = lim;_, o, X(t). The proof of the second assertion is similar and,
hence, is omitted. ®

Lemma 2.3. Let A € R™", Assume that there exists a symmetric, nonnegative-definite matrix P € R™*" such that

0=A"P +PA+R, 9)

where R = CTC, C € R™*™, and the pair (A, C) is semiobservable. Then spec(A) C {» € C : Re A < 0} U {0} and, if 0 € spec(A),
then 0is semisimple. Alternatively, assume that there exists a symmetric, positive-definite matrix P € R™" such that (9) holds and

rank [A —C]wln] =n (10)

for every nonzero w € R. Then spec(A) € {* € C: ReA < 0} U {0} and, if 0 € spec(A), then 0 is semisimple.

Proof. Consider the dynamical system § given by x = Ax. Then it follows from Theorem 2.2 of [9] that § is semistable.
Note that § is semistable if and only if the matrix A is semistable. Hence, it follows from (ii) of Definition 11.7.1 of [13] that
spec(A) C {A € C: ReA < 0} U {0} and, if 0 € spec(A), then 0 is semisimple. The second assertion is a direct consequence
of Corollary 11.8.10f [13]. ®

Lemma2.4. [et A € R™" and C € R If rank A < n and the pair (A, C) is semiobservable, then there exists an invertible
matrix S € R™" such that

“Iac An Om—1)x1 _ A
> AS_|:[01><(11—3)a]701><1] O1x1 |’ CS_[Cl OIX]]’ (an

where Ay, € RO=Dx0=D gng ¢, e R*®=D_ Furthermore, if rankA = n — 1 and the pair (A, C) is semiobservable, then there
exists an invertible matrix T € R™" such that

1 All O(nfrfl)xr 0(n7r71)><1
T AT = | Ay A 0rx1 , T =[G Oigren]s (12)
Az Az O1x1

where the pair (Aq1, Cy) is observable, Ay, is asymptotically stable, Ay; € ROT=Dx(=r=D "4, Rrx0—r=1 4, ¢ R
Az € RO Az € RV, [A3q, Ap] = [O1x(n—3)> 1, 01x1]U™", U € R™=D*"=D js nonsingular, and C; € R*="=D,

Proof. Since rank A < n, it follows that 0 is an eigenvalue of A. Now, since the pair (A, C) is semiobservable, it follows from
Lemma 2.1 that A (A) N & (C) = N (A), that is,

~ ([fC‘D — N A. (13)

Next, it follows from the real Jordan decomposition (Theorem 5.3.5 of [ 13]) that there exists an invertible matrix S € R™"
such that

_ A O
S lAS: 11 (n—1)x1 , 14
|:[01><(n—3)7 1,01x1] 01x1 ] (14

where A;; € R®=D*0=1 Note that N (AS) = N (S~1AS) and

AS
N ([CSD = N (AS). (15)

Hence,

N S |:[0 Alll 01x1] 0(6_])X1] =N A11 Om-1)x1 (16)
D=3 il et - [01x(n-3), 1, 01x1] O1x1 ’
G G

where [61, 62] = (S. Now, it follows from (16) that 62 = 0yx1, which implies that (11) holds.
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To show the second assertion, consider the pair (An, 61). Then it follows from the Kalman decomposition (Proposition
12.9.11 of [13]) that there exists an invertible matrix U € R"D*®=1 gych that

qa A 0 N
UlApu = |1 GUu=I[c¢ o]. 17
w=lar 2] au=la o (17)
Now, with
U O
T2S (=01 18
|:01><(n1) 1 ( )

and [As1, As2] £ [O1x(n—3), 1, 0]U~1, it follows that (12) holds. m

3. Semistability of switched linear systems
In this section, we present several sufficient conditions for semistability of switched linear systems.

Theorem 3.1. Consider the switched dynamical system (1). Assume that there exists a compact family {P, : p € £} of symmetric,
nonnegative-definite matrices such that, forevery o € 4,(4)and (5) hold, and the pair (A,, Cp) is semiobservable for everyp € &
and for an appropriately defined compact set of matrices {C, : p € $}. Furthermore, assume that {A, : p € 2} is compact. Then
the following statements hold:

(i) If 8 C 8plr, Tl forsomet > 0,0 < T < oo, and N (As(r)) S ﬂse[oq[] N (Ass)), t = 0, then (1) is uniformly semistable.
(i) If 8 C U.;20.0<1<00 $plT> T1and N (Aq(r)) S mse[o,t] N(Ass), t > 0, then (1) is semistable.

Proof. (i) It follows from Proposition 2.1 that (1) is uniformly Lyapunov stable. To show uniform semistability, it follows
from Proposition 2.2 that we need to show x(t) — & ast — oo uniformly ino.Let o € &, let x(t), t > 0, be a solution to
(1),and let 7 £ {tq, 71, t2, T2, . . ., tk, Tx} C (0, t) be an increasing sequence of time instants in the interval (0, t) such that
the lengths of the intervals [t;, 7;) are no smaller than t on which ¢ = p; and the intervals between these have length no
larger than T, thatis, 7; > t; + tfori e {1,2,...,k}, tix1 <t +Tforie{1,2,...,k—1},t <1+ T,and t; < T.Next, it
follows from Lemma 2.3 and Assumption 1 that spec(4,) = {A € C: ReA < 0} U {0} and 0 is semisimple for every p € .
Now, it follows from Lemma 2.4 that there exists an invertible matrix S, € R"*" such that, with [x], x,]" = S,x, (1) can be
transformed into the form

Xy Apﬂ Om—1yx1 | | *a - Xa
L= ) =Gy O , 19
|:Xs:| |:[01x(n—3), 1,01x1]  O1xa Xs y=[Gr O] Xs (19)

where x, € R™!, x; € R, and fA\pu is asymptotically stable. Since Apn is asymptotically stable, it follows that [le#11f] < 1
foreveryt > 0andp € ».

Let 4 be the set of all sequences py, p2, ..., pq € &# with length of at most [T /77, where [-] is a ceiling function defined
by [x] £ min{n € Z : x < n}. Define

W2 max max --- max max|e?al® ... efnnnehynTy (20)

T1€lt,t+T] €[, t+T] q€lr,t+T] &

Note that ¢ is a finite set and [t, T 4+ T] is compact. Hence, it follows that

q .
n< maxl | max |lerin®|| < 1. (21)
3 ie1 ti€[t,t+T]

Next, it follows from (20) that

lefo@mn =0 < e (1,2,..., k). (22)
Let @, (t, s) denote the state transition matrix of x, = /A\(,nxa and note that

Dy (t,0) = Dy (L, ) Do (L, tk—1) - - Do (t1,0), ¢ > 0. (23)

Ift < T+ 7,then 7 = @. Hence, for t > T + 7, it follows that @, (ti41, t;) = hom(ti=t) j {1,2, ...,k — 1}. Hence, it
follows from (22) and (23) that

@6 (£, 0)| < 1B (£, )| - 1@ (tis tiDIl - - | B (£1, 0) | < . (24)

Since x,(t) = &, (t, 0)x,(0) and 0 < u < 1, it follows from (24) that lim;_, o, X, (t) = 0. Furthermore, since t; < T, and u
and k are independent of the switching signal o, it follows that x(t) — 0 ast — oo uniformly in o.
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Next, note that X,(t) = [01xn—3), 1, 0]xa(t), t > 0. Hence, x(t) is continuously differentiable and lim;_,» ¥s(t) = 0
uniformly in ¢. Thus, for every h > 0,

[xs(t +h) — x ()] < h|xE)|, t<&<t+h, (25)
which implies that lim;_, o, |Xs(t +h) —xs(t)| = 0 uniformly in o, and hence, lim;_, , X;(t) exists. Let lim;_, o, Xs(t) = a5 € R.
Now, since

(26)

x(ti + hy) — x(t) = Sot) |:Xa(ti +h) - Xa(t,'):| ,

Xs(t; + hy) — x5(t;)

where 0 < h; < tiy1 — ti,i € Zy, and {S, : p € P} is compact, it follows that lim;_ . ||X(t; + h;) — x(t;)|| = 0. Furthermore,
since fori € Z,

— Xa(tl'_ ) Xa(ti) xa(ti )_xa(ti)
M) =20 =S [xs(rib] ™o [xsm)] = e [xsa.ﬂ) - xsm)] ’

it follows that lim;_, » ||x(ti+1) — x(&;)|| = 0. Hence, for every t > 0 and h > 0, it follows that

j—1
X(t +h) = x(6) = X(t + h) = X(ti)) + Y x(tig1) = X(bigk1) + X(G-1) = X(0), (27)
k=0
whereti_; <t <t; <ty <--- <tiyj <t+h <ty Hence,

j—1
IX(t +h) = x@O)]] < x(E +h) = x(E)l + D Ix(tips) — X(ir )|+ IXO) = x(G-),
k=0
which implies that lim;_, o, ||x(t + h) — x(t)|| = 0, and hence, lim;_, o, x(t) exists. Let lim;_, ., x(t) = 8 € R". Note that this
convergence is also uniform in o.
Define z, 2 S;1[01x(m_1), @s]'. Then x(t) — Zy) = S;&) [X} (1), xs(t) — as]". Since the set {S,' : p € £} is compact, it
follows that there exists b > 0 such that ||Sp‘1 || < bforallp € #.Hence,

x1(t)
Xs(t) — o

which implies that lim;_, |8 — Zo(»|| = 0. Hence, lim;_, z,+) = B. Note thatz, € N (A,) for every o € 4. Now, it
follows from & (As ) € (Nimo N (Asr)), i € Zy, that B € (NZg N (As) = Nper N (Ap) = €. Hence, x(t) — € as
t — oo, uniformly in ¢. Finally, it follows from Proposition 2.2 that (1) is uniformly semistable.

(ii) It follows from Proposition 2.1 that (1) is Lyapunov stable. To show semistability, it follows from Proposition 2.2 that
we need to show x(t) — & ast — oo.Leto € § and let x(t), t > 0, be a solution to (1). Then o € 4,[7, T] for some t > 0
and T < oo. However, t and T are not uniform over all switching signals o (). If T = oo, then it follows that there exists
a switching time instant t,, < oo such that x(t) is continuously differentiable for all t > ¢, In this case, it follows from
Lemma 2.3 that x(t) — & ast — oc.

Now we consider the case where T < oo.Let T £ {ty, 71, t2, T2, . . ., ty, Tk} C (0, t) be as defined in (i). Next, it follows
from Lemma 2.4 that there exists an invertible matrix T, € R™" such that with [x], x{, x,]" = T,x, (1) can be transformed
into the form

):‘o Apll 0(n7r71)><r O(nfrfl)xl Xo Xo
)‘(u = Ale Ap22 Or><l Xu |, y:[cpl le(r+1)] Xu |, (29)

Xs Ap31 Ap 01x1 Xs Xs

”X(t) - Zo‘(t)” =< b B t > 07 (28)

wherex, € R""" 1, x, € R, x, € R,y € R, the pair (Ap11, Gp1) is observable, and Ap; is asymptotically stable. Since
(Ap11, Cp1) is observable, it follows from Lemma 1 of [14] that for A, § > 0 there exists a matrix K, € R™=T=Dxl gych that
||e(Ap11+KpCp1)t|| f ae—k(t—r),t Z 7,p c P.

Now, consider X, = (A,11 + K5 Cs1)X, — K, y. First, we show that f0°° ly(t)]|?dt < oo. Note that it follows from (8) that
Voo (x(t) = — T(t)Cg(t)Ca(ox(t) = —|ly(t)||*>. Hence, fooc ly(®)]12dt < V, () (x(0)) < oco. Next, note that

t
Xo(t) = e Gty (1) — / etV y(s)ds,  t € [ty tirr)- (30)
%

Hence, for every t € [1y, ti+1), it follows from the Cauchy-Schwarz inequality that

¢ 1/2
% (0] < 8e 7 Ixo(m) || + o ( / ||y<s)||2ds) : (31)
Tk



Q. Hui, W.M. Haddad / Nonlinear Analysis: Hybrid Systems 3 (2009) 343-353 349

where o 2 ([ |le11tKoConsK |1 2ds)1/2 < oo since {A, : p € £} and {C, : p € P} are compact. Since (1) is Lyapunov
stable, ||x,(t)]|,t > 0, is bounded.

Next, we show that lim;_, -, Xo(t) = 0. Suppose, ad absurdum, x,(t) / 0ast — oo. Then lim;_, o, X,(t) = v # 0 or
liminf; o0 Xo(t) # limsup,_, ., X,(t). Note that 7, was chosen so that 7, — oo ast — ©0o0. Since fooo ly(®)?dt < oo,
it follows that lim;,_, « ft;’o ly(®)]|2dt = 0. Hence, lim;_, o f;k ly(s)||?ds = 0. Thus, if lim,_, o X,(t) = v # 0, then by
taking the limit on both sides of (31), it follows that ||v|| < §||v||, which is a contradiction since § is arbitrary. Next, let
a & liminf,_ « [|%(t)|| and b £ limsup,_, o, ||xo(t)| and note that 0 < a < b < oo. Choose an unbounded sequence
{nn}oey With ©p < np, < tggq so that limsup,_, o X0 (7) || = b. By taking t = n,, in (31) and ny — oo, it follows that
b < b, which is a contradiction since § is arbitrary. Thus, lim;_, o, X,(t) = 0.

Next, since Up‘1 [0, xT]" belongs to the unobservable subspace of the pair (Apn, 6p1), where U, € R®D*("=D denotes the

Kalman transformation matrix of the pair (Apn , 6p1), and Apn and 6131 are given by (19), it follows that Up‘1 [0, xlTl]T belongs to
the smallest subspace M that is ;\pn—invariantl forall p € & and contains the unobservable subspaces of all pairs (Apn, q,]),
p € 2. Since Apn is a full rank matrix, it follows that M = {0}. Hence, lim;_, , x,(t) = 0.

Note that
A On—r— - -
p11 (n—r—1)xr (n—1)x(n—1)
eR 32
[Azm Ap2 ] (32)

is a full rank matrix and [Ay31, Ap32] € RV, Then it follows that there exists g, € R~V such that

_ Apll O(nfrfl)xr

[Ap31, Ap2] = &p |:Apz1 Az . (33)
Hence,

. _ Xo(t) _ Ap]] O(nfrfl)xr Xo(t) _ ko(t)

Xs(t) - [Ap31, Ap32] |:Xu(t)] - gp [Ap21 Apzz Xu(t) - gp ).‘u(t) . (34)
Now, it follows that

Xo(ti + hy) — X, (t; R

Xs(ti + hi) — xs(6) = oty [ngt: 4 hz; —ngtg] s O<hi<ti1—t, i€Zy, (35)

which implies that lim;_, o |xs(t; + h;)) — X5(t;))|] = 0. Using similar arguments as in the proof of (i), it follows that

lim;_, o |X(t +h) —x(t)| = Ofor h > 0, and hence, lim;_, o, xs(t) exists. The rest of the proof is similar to the proof of (i). W

Next, we present a stronger result for ensuring semistability for the switched linear system (1).

Theorem 3.2. Consider the switched dynamical system (1). Assume that there exists a compact family {P, : p € £} of symmetric,
positive-definite matrices such that, for every o € 4, (4) holds and

X' (O)Pyx(t) < X (O)Py—yX(t), t >0, (36)

for every p € # and for an appropriately defined compact set of matrices {C, : p € £}. Assume that {A, : p € P} is compact
and rankA, < n for every p € 2. Furthermore, assume that there exists an invertible matrix S, € R"™", p € £, such that (1)
can be transformed into (19).If 8 C | Slr, Tland N (As ) € mse[O,t] N (Ass), t > 0, then (1) is semistable.

7>0,0<T<o0

Proof. The proof is similar to the proof of (ii) of Theorem 3.1 and, hence, is omitted. H

The next result uses the geometric (rank) condition given in Lemma 2.3 to develop a sufficient condition for semistability.

Theorem 3.3. Consider the switched dynamical system (1). Assume that there exists a compact family {P, : p € £} of symmetric,
positive-definite matrices such that, for every o € 4, (4) and (36) hold, and

rank |:AP _C:wl”] =n (37)

for every nonzero w € R and every p € 2, and for an appropriately defined compact set of matrices {C, : p € P}. Furthermore,
assume that {A, : p € £} is compact. Then the following statements hold:

(i) If 8 C 8plt, T]forsomer > 0,0 < T < 00, and N (As(r)) < mse[O,t] N (Ass)), t = 0, then (1) is uniformly semistable.
(i) If 8 C U7>0’0<T<0Q Slr, Tland N (As ) € mse[o,t] N (Ass)), t = 0, then (1) is semistable.

1 Given a matrix A € R™" a subspace M of R" is A-invariant if and only if the state of X(t) = Ax(t) starting at time t is such that x(tr) € M, then
x(t) € Mforallt > 1.
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Proof. The proofs of Lyapunov stability and uniform Lyapunov stability are similar to the proof of Proposition 2.1 by
considering the family of Lyapunov functions V,(x) = xTP,x. Next, it follows from Lemma 2.3 and Assumption 1 that
spec(Ap) = {A € C : ReA < 0} U {0} and 0 is semisimple for every p € . Now, the proofs of (i) and (ii) are similar
to the proofs of (i) and (ii) of Theorem 3.1, respectively. ®

Finally, we develop sufficient conditions for semistability of switched linear systems involving less restrictive hypothesis
than those assumed in Theorems 3.1 and 3.3.

Theorem 3.4. Consider the switched dynamical system (1). Assume that there exists a compact family {P, : p € P} of symmetric,
positive-definite matrices such that, for every p € » and o € 4, (4) and (36) hold, and there exists an infinite sequence of
nonempty, bounded, nonoverlapping time-intervals [t,'j, tij+kj), i € Zy,]j € Z, where t; denotes the switching time instant, such

that the switching times ty satisfy t.1 — t;, > T > 0,k € Z, to £ 0, with the property that across each such interval,

Asti ) — Joel,
rank | 710 Jotn ) _ n (38)
U(fij+z)
for all nonzero w; € Randevery £ = 0, 1,...,k — 1, and an appropriately defined compact set of matrices {C, : p € P}.

Furthermore, assume that {A, : p € P} is compact. If N (As;)) S ﬂ};o N@Asay) i€ Z.., then (1) is semistable.

Proof. The proof of Lyapunov stability is similar to the proof of Proposition 2.1 by considering the family of Lyapunov
functions V,(x) = xTpr. Since A, is Lyapunov stable for ¢ € 4, it follows from (i) of Definition 11.7.1 of [13] that
spec(A;) € {L € C : ReA < 0} and, if A € spec(A,) and ReA = 0, then X is semisimple. Since, by assumption,
mpe{i’ N(Ay) — {0} # @, it follows that there exists z € R", z # 0, such that A,z = 0 for all t > 0, which further
implies that 0 is a common eigenvalue of A, () for all t > 0. Hence, 0 € spec(A,) and 0 is semisimple. Then, using similar
arguments as in the proof of Lemma 2.4, it follows that for every o € 4§ there exists an invertible matrix S, € R™" such
that the matrix A, can be transformed into the form

_ A O
S ]Ags — o 11 (n—1)x1 , 39
“ 7 I:[le(n—3)7 1,01x1]  O1xa ] (39)

where A, 1; € R®=D*0=D js T vapunov stable. Furthermore, since

Ao i _]wll
rank (tfg” "I =n (40)
o (tij+¢)
for all nonzero w; € R and every ¢ = 0,1,...,k — 1, it follows from Lemma 2.3 that ;\U(t,-jH)ll e RO-Dx(=1)
£=0,1,...,k — 1,is asymptotically stable. Since Agn is Lyapunov stable, it follows from Proposition 11.2.3 of [13] that
”eAa(ti)ll(fiJrl*fi) <1, ie Z+. (41)
o Aot t
Moreover, since Ag(ti]_“m € R is asymptotically stable, it follows that |e GOt | < 1foreveryt > Oand ¢ = 0,
1,...,kj— 1.
Consider the switched dynamical system given by
Xa(t) A o1 Om—1)x1 | | Xa(t) xa(0)
‘ = ? , = Syx(0), t>0. 42
|:Xs(f)i| |:[01><(n—3)s 1,01x1]  O1x1 Xs(t) x5(0) o 0X(0) (42)

Clearly, [xg(t), PG «(tX(t), where x(t) denotes the solution of (1). By assumption there exists a finite upper bound T
on the lengths of the intervals [t,-j, t,-j+kj) across which

Aa i —]a)[I
rank (tjgl) "l =n (43)
o (tij+¢)
for all nonzerow, € Randevery £ =0, 1, ...,k — 1.Since tiy; — t; > 7,1 > 0, it follows thatk; < [T/77,j > 1.

Let ¢ be the set of all sequences p1, py, ..., pq € & with length of at most [T /7] for which

A i —]a)gl
rank U(tfgl) "l=n (44)
o (tij+¢)
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for all nonzero w; € Randevery{ =0, 1, ..., k; — 1, and define

WA max max --- max max |erall ... efrnm2efpnTy (45)
T1€l7,T] 12€l,T] q€lr,T] &

Note that since ¢ is a finite set and [z, T] is compact, it follows that
! A
4 < max max |le™ || < 1. (46)
7 '1:! ti€l7,T]

Next, it follows from (45) that

”er([ijJrkj,ﬂ(fij+kj_[ij+kj—1) o eAU(tij+1)([ij+2_[ij+1)eAa(tij)(tij+

1=t;) .
l<w j=1 (47)
Furthermore, note that
e/‘\a(fij+1,1)(fij+1 “lijpg-1) e/“a(f,-jﬂ)(fiﬁz*fijﬂ)eAa(:,-j)(fin*tij)

_ <eA”(fij+r1)(t"j+1_t"j+1*1) . .eA”(fij+!<j)(t"j+kj+‘_t"j+"j)>

Aca-‘ ) Wik —tipki—1) Aa(ta y (G 42—t 41) Ag(z~,)(ti-+1—fi-)
x(e ijkj—1) K T Ak coae JWEDY I e T 7). (48)

Then it follows from (41) and (47) that

Avit (g =ty 1—1) Aoty ) 12—t 11) Ao ) 1 —ti) .
e =t T T T < 21, (49)

Now, it follows from (49) that
Ia b ) < pllxa(e)ll, j = 1. (50)

Hence, [[x,(t) || < w1 lIxa(ti,) I, which implies that lim;_, o Xa(t) = 0. Furthermore, note that X;(t) = [01x -3, 1, 0]xa(t),
t > 0. Hence, x5(-) is continuously differentiable and lim;_, . Xs(t) = 0. Thus, for every h > 0,

xs(t +h) —x, (O] <hlx@E)], t<&<t+h, (51)

which implies that lim;_, o, |Xs(t + h) — x5(t)| = 0, and hence, lim;_, o, Xs(t) exists. Let lim;_, o Xs(t) = o5 € R.
Next, since

x(t + i) — x(6) = Soqe) [f(jﬁj T ﬁjgﬁg] , (52)

where 0 < h; < iy — t;,i € Z,, and {Sp : p € #} is compact, it follows that lim;_, o [|X(t; + h;) — x(t;)|| = 0. Furthermore,
since

— a t,'7 a (6 _ a2 (i — Xa(&i
X(tiyy) = x(6) = 50([;1) [isgfni:ﬂ W [isgfi;] = Sow [);sgt::g - ﬁsgtii] ' .

i € Z, it follows that lim;_, o, [|X(tix1) — x(t;)|| = 0. Hence, for every t > 0 and h > 0, it follows that

j—1

x(t +h) —x(t) = x(t + h) — x(tiyy) + ZX(ti+k) = X(tigr—1) + x(ti-1) — x(t), (54)
k=0
whereti_; <t <t; < tiy1 < -+ < tiyj <t +h < tiyj+1. Hence,
j—1
Ix(t +h) —x@©I < [lx(t + h) — x(ti)]l + Z 1% (titk) — X(Cipre—D) | + [1%(6) — x (i)l
k=0

which implies that lim;_, , [|x(t + h) — x(t)|| = 0, and hence, lim,_, o, x(t) exists. Let lim;_, o, X(t) = B € R".
Define z, 2 S, '[01x(n—1), @s]". Then x(t) — zo) = S;(lt) [xI (), xs(t) — as]". Since the set {SI;1 : p € £} is compact, it
follows that there exists b > 0 such that ||S;] || < bforallp € &.Hence,
X, ()
Xs(t) — o

x(t) = zo Il < b , =0, (55)
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Fig. 1. State trajectories versus time.
which implies that lim;_, |8 — Zo(»|| = 0. Hence, lim;_, z,+) = B. Note thatz, € N (A,) for every o € 4. Now, it

follows from & (As ) S (Nimo N (Asr)), i € Zy, that B € (NZg N (As) = Mper N (Ap) = €. Hence, x(t) — € as
t — oc. Finally, it follows from Proposition 2.2 that (1) is semistable. ®

Theorem 3.5. Consider the switched dynamical system (1). Assume that there exists a compact family {P, : p € P} of symmetric,
positive-definite matrices such that, for every p € # and o € 4, (4) and (36) hold, and there exists an infinite sequence of
nonempty, bounded, nonoverlapping time-intervals [tl-]., tij+kj), i € Zy,j € Z4, where ty denotes switching time instants, such

that the switching times t,, satisfy ty,1 — ty > T > 0,k € Z4, ty £ 0, with the property that across each such interval the
pair (Ag(tiw), C"“iﬁ“) is semiobservable for every £ = 0,1, ..., k; — 1 and an appropriately defined compact set of matrices

{G, : p € P}. Furthermore, assume that {A, : p € P} is compact. If N (As;)) < ﬂizo N(Asep), i € Zy, then (1) is semistable.
Proof. Note that since the pair (Aa(ti}-m’ C, (ffj+z>) is semiobservable forevery £ =0, 1, ..., kj— 1, it follows from Lemma 2.3

that AU(fij 4o 10 (39) is asymptotically stable. Now, the rest of the proof is similar to the proof of Theorem 3.4. =

4. Illustrative numerical example

In this section, we present an example to demonstrate the proposed approach. Specifically, consider the two-agent
network consensus problem given by the switched linear system (1) where A, is given by [1]

o[-
where p € # = {1, 2}. Note that ﬂPe?N(Ap) — {0} = {(x1,%x) € R? : x; = % = a,a # 0,0 € R} and
& ={(X1,%) eR?>:x; =X, =0, a € R}. Let

G =pl1, —11. (57)
It is easy to verify that (4) holds with
111 0
PP=2|:0 ]j|- (58)

Furthermore, note that & (C,) N N (A,) = N (Ap), and hence, the pair (Ap, () is semiobservable.

Next, let V(x) = %XTX. Then V(x) = 0 for all x € R?, and hence, (36) holds. Clearly, N(Asr) € ﬂse[m] N (As(s))- Thus, if
we take the switching time instant to be t, = k, k € Z., then it follows from Theorem 3.1 that (1) is semistable. Fig. 1 shows
the state trajectories versus time for x(0) = [4, —2].

5. Conclusion

This paper extends the notions of uniform asymptotic stability of switched linear systems to uniform semistability of
switched linear systems. In particular, semistability and uniform semistability are established using multiple Lyapunov
functions. In Part II of this paper [8] we extend this theory to nonlinear switched systems.
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