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Vector dissipativity theory and stability of feedback interconnections for

large-scale non-linear dynamical systems

WASSIM M. HADDAD+*, VIJIAYSEKHAR CHELLABOINA} and SERGEY G. NERSESOVf{

Recent technological demands have required the analysis and control design of increasingly complex, large-scale
non-linear dynamical systems. In analysing these large-scale systems, it is often desirable to treat the overall system as
a collection of interconnected subsystems. Solution properties of the large-scale system are then deduced from the
solution properties of the individual subsystems and the nature of the system interconnections. In this paper we develop
an analysis framework for large-scale dynamical systems based on vector dissipativity notions. Specifically, using vector
storage functions and vector supply rates, dissipativity properties of the composite large-scale system are shown
to be determined from the dissipativity properties of the subsystems and their interconnections. Furthermore, extended
Kalman—Yakubovich-Popov conditions, in terms of the subsystem dynamics and interconnection constraints,
characterizing vector dissipativeness via vector system storage functions are derived. Finally, these results are used to
develop feedback interconnection stability results for large-scale non-linear dynamical systems using vector Lyapunov

functions.

1. Introduction

Modern complex dynamical systems§ are highly
interconnected and mutually interdependent, both
physically and through a multitude of information and
communication network constraints. The sheer size
(i.e. dimensionality) and complexity of these large-
scale dynamical systems often necessitates a hierarchical
decentralized architecture for analysing and controlling
these systems. Specifically, in the analysis and control-
system design of complex large-scale dynamical systems
it is often desirable to treat the overall system as a
collection of interconnected subsystems. The behaviour
of the aggregate or composite (i.e. large-scale) system
can then be predicted from the behaviours of the
individual subsystems and their interconnections. The
need for decentralized analysis and control design
of large-scale systems is a direct consequence of the
physical size and complexity of the dynamical model.
In particular, computational complexity may be too
large for model analysis while severe constraints on
communication links between system sensors, actuators,
and processors may render centralized control architec-
tures impractical.
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An approach to analysing large-scale dynamical
systems was introduced by the pioneering work of
Siljak (1978) and involves the notion of connective
stability. In particular, the large-scale dynamical system
is decomposed into a collection of subsystems with
local dynamics and uncertain interactions. Then, each
subsystem is considered independently so that the
stability of each subsystem is combined with the inter-
connection constraints to obtain a vector Lyapunov
function for the composite large-scale dynamical system
guaranteeing connective stability for the overall system.
Vector Lyapunov functions were first introduced
by Bellman (1962) and Matrosov (1972) and further
developed by Martynyuk (1975), Michel and Miller
(1977), Grujic et al. (1987), Lunze (1989) and
Lakshmikantham et al. (1991), with Michel and Miller
(1977), Siljak (1978, 1983), Gruji¢ et al. (1987), Lunze
(1989), Martynyuk (1998, 2002) exploiting their utility
for analysing large-scale systems. Extensions of vector
Lyapunov function theory that include matrix-valued
Lyapunov functions for stability analysis of large-scale
dynamical systems appear in the monographs by
Martynyuk (1998, 2002). The use of vector Lyapunov
functions in large-scale system analysis offers a very flex-
ible framework since each component of the vector
Lyapunov function can satisfy less rigid requirements
as compared to a single scalar Lyapunov function.
Moreover, in large-scale systems several Lyapunov func-
tions arise naturally from the stability properties of each
subsystem. An alternative approach to vector Lyapunov
functions for analysing large-scale dynamical systems is
an input—output approach wherein stability criteria are
derived by assuming that each subsystem is either finite
gain, passive or conic (Araki 1976, Lasley and Michel
1976 a,b, Vidyasagar 1981).
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In light of the fact that energy flow modelling arises
naturally in large-scale dynamical systems and vector
Lyapunov functions provide a powerful stability analy-
sis framework for these systems, it seems natural that
dissipativity theory (Willems 1972 a,b), on the subsystem
level, should play a key role in unifying these analysis
methods. Specifically, dissipativity theory provides a
fundamental framework for the analysis and design
of control systems using an input—output description
based on system energyf related considerations
(Willems 1972 a). The dissipation hypothesis on dynam-
ical systems results in a fundamental constraint on their
dynamic behaviour wherein a dissipative dynamical
system can only deliver a fraction of its energy to its
surroundings and can only store a fraction of the work
done to it. Such conservation laws are prevalent in large-
scale dynamical systems such as aerospace systems,
power systems, network systems, structural systems
and thermodynamic systems. Since these systems have
numerous input—output properties related to conserva-
tion, dissipation, and transport of energy, extending
dissipativity theory to capture conservation and dissipa-
tion notions on the subsystem level would provide a
natural analysis framework for large-scale dynamical
systems. Aggregating the dissipativity properties of
each of the subsystems by appropriate storage func-
tions and supply rates would allow us to study the dis-
sipativity properties of the composite large-scale system
using vector storage functions and vector supply rates.
Furthermore, since vector Lyapunov functions can be
viewed as generalizations of composite energy functions
for all of the subsystems, a generalized notion of dis-
sipativity; namely, vector dissipativity, with appropriate
vector storage functions and vector supply rates, can be
used to construct vector Lyapunov functions for non-
linecar feedback large-scale systems by appropriately
combining vector storage functions for the forward
and feedback large-scale systems. Finally, as in classical
dynamical system theory, vector dissipativity theory
can play a fundamental role in addressing robustness,
disturbance rejection, stability of feedback interconnec-
tions and optimality for large-scale dynamical systems.

In this paper we develop vector dissipativity notions
for large-scale non-linear dynamical systems; a notion
not previously considered in the literature. In particular,
we introduce a generalized definition of dissipativity
for large-scale non-linear dynamical systems in terms
of a vector inequality involving a vector supply rate,
a vector storage function, and a quasimonotone
increasing function. On the subsystem Ievel, the

+ Here the notion of energy refers to abstract energy for
which a physical system energy interpretation is not necessary.

proposed approach provides an energy flow balance in
terms of the stored subsystem energy, the supplied
subsystem energy, the subsystem energy gained from
all other subsystems independent of the subsystem coup-
ling strengths, and the subsystem energy dissipated.
Furthermore, for large-scale dynamical systems decom-
posed into interconnected subsystems, dissipativity of
the composite system is shown to be determined from
the dissipativity properties of the individual subsystems
and the nature of the interconnections. In addition,
we develop extended Kalman—Yakubovich-Popov con-
ditions, in terms of the local subsystem dynamics and
the interconnection constraints, for characterizing
vector dissipativeness via vector storage functions for
large-scale dynamical systems. Finally, using the con-
cepts of vector dissipativity and vector storage functions
as candidate vector Lyapunov functions, we develop
feedback interconnection stability results for large-
scale non-linear dynamical systems. General stability
criteria are given for Lyapunov and asymptotic stability
of feedback interconnections of large-scale dynamical
systems. In the case of vector quadratic supply rates
involving net subsystem powers and input—output sub-
system energies, these results provide a positivity and
small gain theorem for large-scale systems predicated
on vector Lyapunov functions.

2. Mathematical preliminaries

In this section we introduce notation, several defini-
tions, and some key results needed for analysing large-
scale non-linear dynamical systems. Let R denote the set
of real numbers, R" denote the set of n x 1 column
vectors, " denote the set of n x n symmetric matrices,
N" (respectively, ") denote the the set of n x n non-
negative (respectively, positive) definite matrices, ()T
denote transpose and let 7, or I denote the n x n identity
matrix. For v € R? we write v>>0 (respectively, v > 0)
to indicate that every component of v is non-negative
(respectively, positive). In this case we say that v is non-
negative or positive, respectively. Let @i and R? denote
the non-negative and positive orthants of R?; that is,
if veR? then ve @‘i and v e R? are equivalent,
respectively, to v>>0 and v > 0. Finally, we write
|-l for the Euclidean vector norm, V’'(x) for the
Fréchet derivative of V' at x and M >0 (respectively,
M > 0) to denote the fact that the Hermitian matrix
M is non-negative (respectively, positive) definite. The
following definition introduces the notion of Z-, essen-
tially non-negative, compartmental and non-negative
matrices.

Definition 1 (Berman and Plemmons 1979, Bernstein
and Hyland 1993): Let W e R W is a Z-matrix
it W,)=<0, i,j=1,...,q, i#j. W is essentially
non-negative if —W is a Z-matrix; that is, W ; >0,
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iLhj=1,...,q, i #j. Wis compartmental if W is essen-
tially non-negative and Y7, W, <0,j=1,...,q.
Finally, W is non-negativet (respectively, positive) if
Wi j = 0 (respectively, W, > 0),i,j=1,....q.

The following definition introduces the notion of

class W functions involving quasimonotone increasing
functions.

Definition 2 (Wazewski 1950, Siljak 1978): A function
w=I[wp,..., wq]T: R? — R? is of class W if w,(r') <

wi(r"), i=1,...,q, for all ¥,/ € R? such that r; </,
ri=r,j=1,...,q,i+#j, where r; denotes the ith com-
ponent of r.

If w(-) € W we say that w satisfies the Kamke con-
dition. Note that if w(r) = Wr, where W € R?“, then
the function w(-) is of class W if and only if W is essen-
tially non-negative. Furthermore, note that it follows
from Definition 2 that any scalar (¢ = 1) function w(r)
is of class W. The following definition introduces the
notion of essentially non-negative functions (Bernstein
and Bhat 1999, Haddad et al. 2001).

Definition 3: Letw = [wy,..., wq]T: Y — R?, where Vis
an open subset of RY that contains R’.. Then w is essen-
tially non-negative if wi(r)>0 for all i=1,...,¢ and
r € RY such that r;=0.

Note that if w: R? — R? is such that w(-) € W and
w(0) > 0> 0, then w is essentially non-negative; the
converse however is not generally true. However, if
w(r) = Wr, where W € R is essentially non-negative,
then w(-) is essentially non-negative and w(-) € W.

Proposition 1 (Bernstein and Bhat 1999, Haddad et al.
2001):  Suppose R c V. Then RY. is an invariant set
with respect to

1) =w(r(n), r(tg) =ro, 1= 1y, (M
where ry € @i, if and only if w:V — R? is essentially
non-negative.

It follows from Proposition 1 that if ry >> 0, then
r(t) >> 0, t > ¢y, if and only if w(:) is essentially non-
negative. In this case, the usual stability definitions for
the equilibrium solution r(z) =r, to (1) are not valid.
In particular, stability notions need to be defined with
respect to relatively open subsets of @i containing r,
(Haddad et al. 2001).

Next, we present a stability result for large-scale
non-linear dynamical systems using vector Lyapunov

T1In this paper it is important to distinguish between
a square non-negative (respectively, positive) matrix and a
non-negative-definite (respectively, positive-definite) matrix.

functions. In particular, we consider non-linear dynam-
ical systems of the form

X(1) = F(x(n), x(10) =x0, =1y 2

where F: D — R" is Lipschitz continuous on D, D C R"
is an open set with 0 € D and F(0) = 0. Here, we assume
that (2) characterizes a large-scale non-linear dynamical
system composed of ¢ interconnected subsystems such
that, for alli = 1,..., g, each element of F(x) is given by
Fi(x) = fi(x;) + Z;(x), where f;: D; CR" — R" defines
the vector field of each isolated subsystem of (2),
Z,: D — R" defines the structure of the interconnection
dynamics of the ith subsystem with all other subsystems,
x; € D; CR", £,(0)=0,Z;0)=0, and )7, n; = n. For
the large-scale non-linear dynamical system (2) we note
that the subsystem states x;(¢), t > o, foralli=1,...,q
belong to D; € R" as long as x(1) = [x] (1),..., xp (1)]' €
D, t > t,. The next theorem presents a stability result for
(2) via vector Lyapunov functions by relating the stab-
ility properties of a comparison system to the stability
properties of the large-scale non-linear dynamical
system.

Theorem 1 (Siljak 1978):  Consider the large-scale non-
linear dynamical system given by (2). Suppose there exist
a continuously differentiable vector function V: D — @’i
and a positive vector p € RY such that V(0) =0, the
scalar function v: D — R, defined by v(x)é PV (x),
x € D, is such that v(0) =0, v(x) > 0, x # 0, and

V' (X)F(x) << w(V(x)), xeD 3)

where w: R — RY is a class W function such that
w(0) = 0. Then the stability properties of the zero solution
() =0 to

Ho) =w(r (), 1)) =ro, =1 4)

imply the corresponding stability properties of the zero
solution x(t)=0 to (2). That is, if the zero solution
r(t) =0 to (4) is Lyapunov (respectively, asymptotically)
stable, then the zero solution x(t) = 0 to (2) is Lyapunov
(respectively, asymptotically) stable. If, in addition,
D =R" and v(x) — oo as ||x|| — oo, then global asymp-
totic stability of the zero solution r(t) =0 to (4) implies
global asymptotic stability of the zero solution x(t) =0
to (2).

If V: D — R satisfies the conditions of Theorem 1
we say that V(x), x € D, is a vector Lyapunov function
for the large-scale non-linear dynamical system (2).
Finally, we recall the standard notions of dissipativity
(Willems 1972a) and exponential dissipativity
(Chellaboina and Haddad 2003) for non-linear dynami-
cal systems G of the form

x(0) =f(x(1) + Gx()u(),  x(19) = x0, =1y (5)
(1) = h(x(1)) + J(x(n)u(?) (6)
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where xe DC R, ucUCR", ye YR, f: D> R
and satisfies /(0)=0, G: D —> R™, h: D > R' and
satisfies #2(0) =0, and J: D — R For the non-linear
dynamical system G we assume that the required
properties for the existence and uniqueness of solutions
are satisfied; that is, u(-) satisfies sufficient regularity
conditions such that (5) has a unique solution forward
in time. For the non-linear dynamical system G given
by (5) and (6) a function s: R™ x R’ — R such that
5(0,0) = 0 is called a supply rate (Willems 1972 a) if it is
locally integrable for all input—output pairs satisfying
(5), (6); that is, for all input—output pairs u e U, y € Y
satisfying (5), (6), s(-, -) satisfies f:ﬂs(u(a), y(0))|do < o0,
by 2 t) = 1.

Definition 4 (Willems 1972 a, Chellaboina and Haddad
2003): The non-linear dynamical system G given by (5),
(6) is exponentially dissipative (respectively, dissipative)
with respect to the supply rate s(u,y) if there exist a
continuous non-negative-definite function v;: R" — R,
called a storage function, and a scalar ¢ > 0 (respectively,
& = 0) such that v,(0) = 0 and the dissipation inequality

e v(x(12)) < e vg(x(t)))

5
] eswosman bza @
l
is satisfied for all ¢;,1, > t;, where x(¢), t > t;, is the
solution of (5) with u € Y. The non-linear dynamical
system G given by (5), (6) is lossless with respect to the
supply rate s(u, y) if the dissipation inequality is satisfied
as an equality with ¢ = 0 for all #, > t; > 1.

If v,(-) is continuously differentiable, then an equiva-
lent statement for exponential dissipativity (respectively,
dissipativity) of the dynamical system (5), (6) is

Vs(x(1)) + evy(x(1))
=< s(u(1), y(1)), yey (8
where ¢ > 0 (respectively, ¢ = 0) and v4(x(#)) denotes the

total derivative of vy(x) along the state trajectories
x(1), t > ty, of (5).

t>1t, uel,

3. Vector dissipativity theory for large-scale

non-linear dynamical systems

In this section we extend the notion of dissipative
dynamical systems to develop the generalized notion
of vector dissipativity for large-scale non-linear dynam-
ical systems. We begin by considering non-linear dynam-
ical systems G of the form

x(t) = F(x(t),u(1)), x(ty) = xo, =1 )
(1) = H(x(1), u(1)) (10)
where xe DCR”, ueugR’”,yeyglRl, F:DxU —R",

H:DxU—Y, D is an open set with 0€D, and
F(0,0)=0. Here, we assume that G represents a

large-scale dynamical system composed of ¢ inter-
connected controlled subsystems §G; so that, for all
i=1,....q

Fi(x,u;) = fi(x) + Zi(x) + Gi(x)y; (11)
Hi(x;, u;) = hi(x;) + Ji(x)u; (12)

where x; €D, CR", wel; CR"™, y,2H(x;u)e
Y C R, (u;,y;) is the input—output pair for the ith
subsystem, f;: R" — R" and Z;: D — R" are Lipschitz
continuous and satisfy f;(0)=0 and Z;0)=0,
G;: R" — R"*™ is continuous, h;: R" — R" and satis-
fies 1;(0) = 0, J;: R" — R S my=n, 30 m; =m,
and ) 7,/ =/ Furthermore, for the system G we
assume that the required properties for the existence
and uniqueness of solutions are satisfied; that is, for
every i€ {l,...,q}, u;(-) satisfies sufficient regularity
conditions such that the system (9) has a unique solu-
tion forward in time. We define the composite input
and composite output for the large-scale system G
as ué[ulT,...,uZ]T and yé[le,...,qu]T, respectively.
Note that in this case the set i/ =U; x - - - x U, contains
the set of input values and Y =) x --- X Y, contains
the set of output values.

Definition 5: For the large-scale non-linear dynam-
ical system G given by (9), (10) a vector function
S = [sl,...,sq]T: Ux)Y—R? such that S(u,y)é
[s1(ui, v1), .- - ,sq(uq,yq)]T and S(0,0) = 0 is called a vec-
tor supply rate if it is componentwise locally integrable
for all input—output pairs satisfying (9), (10); that is,
for every i € {1,...,q} and for all input—output pairs
(u;, ;) eU; x Y; satisfying (9), (10), s;(-,-) satisfies
fiﬂsi(“i(s)a)’i(s)ﬂ ds <00, 15> 11 > {o.

Definition 6: The large-scale non-linear dynamical
system G given by (9), (10) is vector dissipative (respec-
tively, exponentially vector dissipative) with respect to the
vector supply rate S(u,y) if there exists a continuous,
non-negative definite vector function V,=/[v,...,
vsq]T: D — @i, called a vector storage function, and a
class W function w: @i — R? such that V,(0)=0,
w(0) = 0, the zero solution r(¢f) =0 to the comparison
system

1) =w(r(t), () =re, =1 (13)
is Lyapunov (respectively, asymptotically) stable, and

the vector dissipation inequality

T
V(H(T)) << Vi(x(to)) +j w(V(x(0))

fo
T
+| sty (14)
to
is satisfied for all T > ¢,, where x(t), t > ty, is the

solution to (9) with u € U. The large-scale non-linear
dynamical system G given by (9), (10) is vector lossless
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with respect to the vector supply rate S(u, y) if the vector
dissipation inequality is satisfied as an equality with the
zero solution r(7) = 0 to (13) being Lyapunov stable.

Remark 1: If V() is continuously differentiable, then

(14) can be equivalently written as
Vi(x(1) << wV(x(1)) + S(u(1), (1)), uel.

(15)

lzt()a

Remark 2: If in Definition 6 the function w: @1 — RY
is such that w(r) = Wr, where W € R?Y, then W is
essentially non-negative. In this case, the large-scale
non-linear dynamical system G given by (9), (10) is
vector dissipative (respectively, exponentially vector dis-
sipative) with respect to the vector supply rate S(u, y)
if and only if there exist a vector storage function
Ve=1[1s--..v]": D— R] and an essentially non-
negative dissipation matrix W € R?*? such that V,(0) =0,
W is semistablet (respectively, asymptotically stable),
and the vector dissipation inequality

V(x(T)) <<e"” T~y (x(1y))

T
+J " TIS (), y()dt, T>1, (16)
)

is satisfied, where x(¢), ¢ > ¢, is the solution to (9) with
u € U. The large-scale non-linear dynamical system G
given by (9), (10) is vector lossless with respect to the
vector supply rate S(u, y) if and only if the vector dis-
sipation inequality (16) is satisfied as an equality with W
semistable.

Note that if the subsystems G; of G are disconnected,
thatis, Z(x)=0forall i=1,...,q, and w(V,) = WV,
where — W € R7*? is diagonal and non-negative definite,
then it follows from Remark 2 that each of the dis-
connected subsystems G; is dissipative (respectively,
exponentially dissipative) in the sense of Definition 4.
A similar remark holds in the case where ¢=1. To
state the main results of this section the following
definition is required.

Definition 7 (Willems 1972a): The large-scale non-
linear dynamical system G given by (9), (10) is completely
reachable if for all x, € D C R", there exist a finite time
t; <ty and a square integrable input u(-) defined on
[#;, tp] such that the state x(¢), £ > ¢;, can be driven
from x(z;,) =0 to x(¢y) = xy. A large-scale non-linear
dynamical system G is zero-state observable if u(t) =0
and y(¢) = 0 imply x(¢) = 0.

Recall that if a disconnected subsystem G; (i.e.
Zi(x)=0,ie{l,...,q}) of a large-scale dynamical

tA matrix W e R is semistable if and only if
lim, ., " exists while W is asymptotically stable if and only
if lim,_, . "' = 0.

system G is exponentially dissipative (respectively, dis-
sipative) with respect to a supply rate s;(u;, y;), then there
exist a storage function vg;: R — R, and a constant
g; > 0 (respectively, ¢; = 0) such that the dissipation
inequality (7) holds. In the case where v;: R" — R, is
continuously differentiable, equation (7) yields

v () (fi(x;) + Gi(x)u;)

< —eve(x) +5:(uin ), x; €RY w el (17)

The next result relates exponential dissipativity with
respect to a scalar supply rate of each disconnected
subsystem G; of G with vector dissipativity (or, possibly,
exponential vector dissipativity) of G with respect to a
vector supply rate.

Proposition 2: Consider the large-scale non-linear
dynamical system G given by (9), (10). Assume that G is
completely reachable and each disconnected subsystem G,
of G is exponentially dissipative with respect to the supply
rate s;(u;, y;) and with a continuously differentiable stor-
age function vg: R" — R, i=1,...,q. Furthermore,
assume that the interconnection functions I;: D — R"™,
i=1,...,q, of G are such that

q
V()T () < Y & (rg(x), xeD, i=1.....q
Jj=1

(18)
where &;:D— R, i, j=1,...,q, are given bounded
Sfunctions. If W € R™? is semistable (respectively, asymp-
totically stable), with

—&: + oy l :]

Wl L 1 113 (19)

(i) N
s 1]

where &, >0 and a,»jé max{0, sup,.p&;()}, i, j =

1,...,q, then G is vector dissipative (respectively, expo-

nentially vector dissipative) with respect to the vector sup-

A ;
ply rate S(u,y):[sl(u],yl),...,Asq(uq,yq)]T and with
vector storage function Vs(x)z[vsl(xl),...,vsq(xq)]T,
xeD.

Proof: Since each disconnected subsystem §G; of G
is exponentially dissipative with respect to the supply
rate s;(u;, ), i =1,...,q, it follows from (17) and (18)
that, forall y; e Y; and i=1,...,¢q

Vsi(xi(0)) = v (D) LSi(xi(0) + Zi(x(10) + Gi(x(1))ui(1)]
< —evgi(xi(0) + s:(ui(1), yi(1))

q
+ Z &i(x(0)vs(x;(1)
=
< —evi(xi(0) + s (ui(1), (1))

q
+ Zotijvsj(xj(t))a t> tg. (20)
=1
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Now, the result follows from Remark 1 by noting that

for all subsystems G; of G
Vi(x(0) =< WV (x(0) + S@(),y(0), t=1, uel
1)

where W is essentially non-negative and, by assumption,
semistable (respectively, asymptotically stable) and
Vs(x)é Ve (x1), .-, vsq(xq)]T, x € D, is a vector storage
function for G. U

Next, we show that vector dissipativeness (respec-
tively, exponential vector dissipativeness) of a large-
scale non-linear dynamical system G of the form (9),
(10) can be characterized in terms of the local subsystem
functions £;(-), G;(-), h;(-), and J;(-), along with the inter-
connection structures Z;(-) for i=1,...,q. For these
results we consider the special case of dissipative systems
with quadratic vector supply rates and set D= R",
U, =R", and Y, = R". Specifically, let R; € ™, S; €
R™™ and Q, € S" be given and assume S(u, ) is such
that s;(u;, ;) = ¥ Qi + 201 Saus +u} Ry, i=1,....q.
Furthermore, for the remainder of this paper we assume
that there exists a continuously differentiable vector
storage function V(x), x € R", for the large-scale non-
linear dynamical system G. For the statement of the next
result recall that x:[xlT,...,xZ]T, u=T[ul,...,ul]",
y=Dlngl, xieRY weR™ yeRY i=
Loooog, Y m=n YL mj=m, and Y1 ;=1
Furthermore, for (9), (10) define F: R" — R”,
G:R' > R™, hR' - R, and J:R"—> R*" by
FEEFI), ..., Fa@)I",  where  Fix)2fi(x) +
TAx), i=1,...,q, G(x)2diag[G|(x)),...,Gy(x,)], h(x)2
(A1 (x1),.. g (x)]", and  J(x)=diaglJy(x)),....J,(x,)]-
Finally, for all i=1,...,q, define R;eS", §; cR>",
and Q; € S’ such that each of these block matrices con-
sists of zero blocks except, respectively, for the matrix
blocks R; €S™, S; e R>*™ and Q; € S" on (i, ) position.

Theorem 2: Consider the large-scale non-linear dynam-
ical system G given by (9), (10). Let R, € S™, S; € Ri*™
and Q; € Shi=1,... ,q. Then G is vector dissipative
(respectively, exponentially vector dissipative) with
respect to the vector quadratic supply rate S(u,y), where
si(ug yi) = uf Ry + 2y Sy + i Qs i =1, q. if and
only if there exist functions Vy=/[vg,..., vsq]T:
R" — RY, w=[w,.. .,wq]T: RL - RY, ¢;: R" > RY,
and Z;: R" — R*™  such that vy(-) is continuously
differentiable, v;(0)=0,i=1,...,q, we W, w(0) =0, the
zero solution r(t)=0 to (13) is Lyapunov (respectively,
asymptotically) ~ stable, and, for all xeR" and
i=1,...,q,

0 = V()F(x) = K ()Qih(x) — wi(V(x)) + €] (x)€,(x)
(22)

0 = 1(0)G() — KT (x)(S; + 0 (x)) + £ () Z,(x)
(23)
0=R +J'(x)S,+ STJ(x) + JT(¥)0,J(x) — ZF(x) Z,(x).
(24)

Proof: First, suppose that there exist functions vg:
R' > R,, £; R" - RY, Z; R" - R w: R - RY,
such that vy () is continuously differentiable and
non-negative-definite, v;(0) =0,i=1,...,¢, w(0) =0,
w € W, the zero solution r(z) =0 to (13) is Lyapunov
(respectively, asymptotically) stable, and (22)—(24) are
satisfled. Then for any uel, t;, b €R, t, >t} > 1y,
andi=1,...,q, it follows from (22)—(24) that

st,(u[(t),y,»(z))dz

51

= J [u" () Ru(1) + 2y" () S;u(t) + y" (0 Q(1)] di

A

= J TGO + 20T (O)S: + O T ((0))u(r)

+ u" (T ()OI (x(D) + T (x(2)S;
+ STI(x()) + R)u(0)] di

= J DO () + GEu() + €1 () (x(1)

+ 267 (x(0) Z,(x(0))u(?)
+u" () Z] (x(0)) Z,(x(O)u(t) — wi(V(x(1)))] dt

(&)

= J [ (x(0) + [ (1) + Zix()u(n)]"

I

< [EG0) + Zi D] — wi V()] dr
> vgx(2)) — vg(x(1)) — j (V0 dr 25)

1

where x(7), t > t,, satisfies (9). Now, the result fol-
lows from (25) with vector storage function V(x)=
[V (X), -, vy (O]T, x € R

Conversely, suppose that G is vector dissipative
(respectively, exponentially vector dissipative) with
respect to the vector supply rate S(u,y), where
sz y1) = ui Ry + 2y Sy + v Qi i =1,...,q. Then
there exist a vector storage function V = [vg,..., vsq]T
R" — @i and a class W function w = [wl,...,wq]T:
RY — RY such that ¥,(0) =0, w(0) =0, the zero sol-
ution r(z) = 0 to (13) is Lyapunov (respectively, asymp-
totically) stable, and, for all i=1,...,¢q, t, > t;, and
ueu,

vsi(x(£2)) < vgi(x(ty)) + sti(”i(l)a%(l)) dt

t

+ J (VL)) . (26)

n
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Since, by assumption, vy(-) is continuously differenti-
able, equation (26) is equivalent to

Vsi(X(1) < 5i(ui (1), (D) + wi(Vs(x(1))),  t=1 (27)

where x(1), t > t,, satisfies (9). Now, with 7 = ¢, it fol-
lows from (27) that

Vei(xo)(F(x0) + G(xo)u(ty)) < siui(1y), vi(ty)) + wi(V(xo))
(28)

for all u(ty) € R”, y(ty) e R/, xo e R" and i=1,...,q.
Next, let di: R" xR" — R be such that for all
i=1,...,q
di(x, 1) 2 = Vi(X)(F () + Gw)
+ 53w, hi(x) + Ji(xdup) + wi(Vo(x).  (29)
Now, since x, € D is arbitrary, it follows from (28) that
di(x,u) >0, x e R", ueR", i=1,...,q. Furthermore,
note that d;(x,u) given by (29) is quadratic in u
and hence there exist functions ¢; R" — R% and
Z: R" — R*™ such that, for all i=1,...,q, x € R",
and u € R”
di(x, 1) = [£:(x) + Zi(0u] [6(x) + Zi(x)u]
= =V (X)(F (x) + Gx)u) + s(uy, hi(x) + Ti(xuy)
+ wi(Vs(x))
= —W()(F ) + G)u) + u' R + 2(h(x)
+ I () Sitt + (h(x) + T () Q,(h(x)
+ J(xX)u) + wi(V(x)). (30)
Now, equating coefficients of equal powers yields
(22)—(24). L]

Using (22)—(24) it follows that for 7' > f, > 0 and
i=1,...,q

T

T
J (D), yi(0) dt +J wi(V(x(0)) dr

Iy Iy

= vi(x(T)) — vgi(x(10))

T
4 j (1) + 24T

Iy

x [6i(x(2) + Zi(x())u(r)] di (1)

where V(x) = [vg(x),..., vsq(x)]T, x € R", which can be
interpreted as a generalized energy balance equation

for the ith subsystem of G where vy (x(7)) — vg(x(ty)) is
the stored or accumulated generalized energy of the ith
subsystem, the two path-dependent terms on the left
are, respectively, the external supplied energy to the
ith subsystem and the energy gained by the ith subsys-
tem from the net energy flow between all subsystems due
to subsystem coupling, and the second path-dependent
term on the right corresponds to the dissipated energy
from the ith subsystem. Equivalently, equation (31) can
be rewritten for alli=1,...,q as

Vsi(X(2)) = si(ui(1), yi(0) + wiVs(x(1))) — [£:(x(0))
+ Z(x(O)u(O] [L(x(0) + Z(xO)u(D], 1= 1
(32

which yields a set of ¢ generalized energy conserva-
tion equations for the large-scale dynamical system G.
Specifically, equation (32) shows that the rate of change
in generalized energy, or generalized power, of the ith
subsystem of G is equal to the generalized system power
input to the ith subsystem plus the instantaneous rate
of energy supplied to the ith subsystem from the net
energy flow between all subsystems minus the internal
generalized system power dissipated from the ith sub-
system.

Remark 3: Note that if G with u(¢) = 0 is vector dissi-
pative (respectively, exponentially vector dissipative)
with respect to the vector quadratic supply rate where
0;<0,i=1,...,q, then it follows from the vector dis-
sipation inequality that

Vi(x(0) << w(V(x(1)) + S(0, (1))

== wVi(x(0), =1 (33)

where S(an) = [SI(OD yl)a B sq(oﬂyq)]Ta si(oayi(t)) =
YO0i(H) <0, t>1y,i=1,...,q, and x(1), t > 1,, is
the solution to (9) with u(z) = 0. If, in addition, there
exists p e RZ such that p'V(x), x e R", is positive
definite, then it follows from Theorem 1 that the
undisturbed (u(¢) = 0) large-scale non-linear dynamical
system (9) is Lyapunov (respectively, asymptotically)
stable.

Next, we extend the notions of passivity and
non-expansivity to vector passivity and vector non-
expansivity.

Definition 8: The large-scale non-linear dynamical
system G given by (9), (10) with m; =1/, i=1,...,q, is
vector passive (respectively, vector exponentially passive)
if it is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector supply
rate S(u, y), where s;(u;, ;) = 2yju;, i=1,....q.
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Definition 9: The large-scale non-linear dynamical
system G given by (9), (10) is vector nom-expansive
(respectively, vector exponentially non-expansive) if it
is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate
S(u.y). where si(uy) = yviuiu;—yiyii=1,....q,
and y; >0,i=1,...,q, are given.

Remark 4: Note that a mixed vector passive-non-
expansive formulation of G can also be considered.
Specifically, one can consider large-scale non-linear
dynamical systems G which are vector dissipative with
respect to vector supply rates S(u,y), where s;(u;, y;) =
2yiup i € N 5(5.3) = vy = 37 vy ¥y > 0. € N,
NpyNNpe =0, and N,UN,.={l,...,q}. Further-
more, supply rates for vector input strict passivity,
vector output strict passivity, and vector input—output
strict passivity generalizing the passivity notions given
in Hill and Moylan (1977) can also be considered.
However, for simplicity of exposition we do not do so
here.

The next result presents constructive sufficient
conditions guaranteeing vector dissipativity of G with
respect to a vector quadratic supply rate for the case
where the vector storage function Vi (x), x € R, is
component decoupled; that is, V (x) = [vs(x)),...,
v (x)I", x e R".

Theorem 3: Consider the large-scale non-linear dynam-
ical system G given by (9), (10). Assume that there exist
functions Vi =[vg,...,v,]": R" — RL, w=[w,...,
w "R - R, R — RY, Z: R — R such
that vy (-) is continuously differentiable, vy (0) =0,
i=1,...,q, we W, w(0) =0, the zero solution r(t) =0
to (13) is Lyapunov (respectively, asymptotically) stable,
and, for all x e R" and i =1,....,¢q

0> V;z(xi)[f}(xi) +Zi(x)] - hz‘T(xi)Qihi(Xi)

— wi(Vi() + €7 (x)i(x;) (34)
0 = 290D Gi(x;) = hi (x)(S; + Qii(x) + €1 (x) Zi(x))
(35)

0<R+ JiT(xi)Si + SiTJi(Xi) + -]iT(xi)QiJi(xi)
- ZiT(xi)Zi(xi)- (36)

Then G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector supply rate
S(u.y), where  s;(u;,y;) = u} Ry + 29! Siu; + y! Qv
i=1,...,q.

Proof: For any admissible input u = [u], ..., u;]T such

that u,-elRm", 1, b ER, =1 =1y, and i = 1,...,q,

it follows from (34)—(36) that
153

| s nar
14

_ JIZ [u] (DR, (1) + 2p] ()Su(H) + y! (DQi()] dt

n

- J T 0)Q(xi(1)

+ 2hiT(xi(t))(Sf + O.:J;(xi(1))u;(?)
+ ul (VI (x(D0)Q(xi(2)) + TF (xi(0))S;
+ STT(x(0) + R)u ()] dt

> J 2[V;,-(xi(l))[fi(x,-(l)) + Zi(x(1) + Gi(x(D)ui(1)]

+ €] (X {(O)E(x(0)) + 26 (x,(0) Z,(xi(1))ui(2)
+u} (2] (x(0) 2 (O)uit) — wi(V(x(1)] de

= J 2[V's,-(xi(l)) + [xi(0) + Zie O]

X [£i(x;(0) + Z;(xi()u(1)] — wi(V(x(1)))] dz

= vsi(xi(12)) — vsi(xi(1y)) — J\-Wi(Vs(x([)))dl (37)

4
where x(1), t > t,, satisfies (9). Now, the result follows
from (37) with vector storage function V(x)=
(1) v )]T x € R O

Finally, we provide necessary and sufficient con-
ditions for the case where the large-scale non-linear
dynamical system G is vector lossless with respect to a
vector quadratic supply rate.

Theorem 4:  Consider the large-scale non-linear dynami-
cal system G given by (9), (10). Let R; € S™, S; € R/
and Q; €S, i=1,...,q. Then G is vector lossless with
respect to the vector quadratic supply rate S(u,y), where
st y;) = u Rty + 29! Sty + y] Qi i =1, q. if and
only if there exist functions Vi = [vg, .- -, vsq]T: R" — Ri
and w=[wy,..., wq]T: @i — R? such that vy(-) is con-
tinuously differentiable, v4;(0)=0,i=1,...,q, we W,
w(0) = 0, the zero solution r(t) =0 to (13) is Lyapunov
stable, and, for all x e R" and i=1,...,¢q

0 = Vi()F(x) = KT ()Qih(x) = wi(Vi(x))  (38)
0 = 1Vi(0)G(X) = hT()(S; + 0 (x)) (39)
0=R +J"()S; + STJ(x) + JT()QJ (x).  (40)

Proof: The proof is analogous to the proof of
Theorem 2. L]

4. Specialization to large-scale linear

dynamical systems

In this section we specialize the results of §3 to the
case of large-scale linear dynamical systems. Specifically,
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we assume that w € W is linear so that w(r) = Wr, where
W € R7Y is essentially non-negative, and consider the
large-scale linear dynamical system G given by

x(t) = Ax(t) + Bu(t), x(tg) =x9, t>1t; (41)
y(t) = Cx(t) + Du(t) 42)

where 4 € R™" and A is partitioned as 4 = [4;],
ij= 1,...,q, A; e R"™" 39 n;=n, B=block—
diag[B,...,B,], C=block —diag[C},...,C,], D=Dblock—
diag[D,,...,D,], B;eR""™, C;eR"™", D;eR"™ and
i=1,...,q.

Theorem 5: Consider the large-scale linear dynamical
system G given by (41), (42). Let R; € S™, S; € R"™™
0,€S" i=1,...,q. Then G is vector dissipative (res-
pectively, exponentially vector dissipative) with respect
to the vector supply rate S(u,y), where si(u;,y;) =
ul Rt + 2y St + yi Qi i =1,
there exist W e R, P, eN", L, e R%" and Z; €
R i=1,...,q, such that W is essentially non-
negative and semistable (respectively, asymptotically
stable), and, for all i=1,...,q

q
0=A"P,+PA~C"Q,C=> W, P+ LIL  (43)

j=1
0=PB—C'(S;+0,D)+LZ, (44)
0=R+D'S;+S'D+D"0.D-ZZ,. (45)

Proof: Sufficiency follows from Theorem 2 with
F(x) = Ax, G(x) = B, h(x) = Cx, J(x) = D, w(r) = Wr,
0(x) = Lix, Z{(x) = Z; and vy(x) = x' Pix, i=1,....q.
To show necessity, suppose G is vector dissipative
with respect to the vector supply rate S(u,y), where
si(ug, yi) = ui Ry + 2y Sy + y! Qi i =1,...,¢q. Then
it follows from Theorem 2, with w(r) = Wr, that there
exist Vy: R" - RY, ¢; R" - RY, and Z;: R" — R,
such that W is essentially non-negative and semistable
(respectively, asymptotically stable), V(x) 2 [ver(x),...,
vsq(x)]T, xeR", V,(0)=0, and (22)—(24) hold for all
i=1,...,q with F(x)=A4x, G(x)=B, h(x)=Cx,
J(x) =D and w(r) = Wr. Since v (-) is non-negative-
definite and v,;(0) =0, i =1,...,q, it follows that there
exists P; e N", i=1,...,q, such that

vi(X) = xTPx +vg(x), xeR', i=1,...,q (46)

where vg;: R" — R contains the higher-order terms of
vgi(x). Next, note that it follows from (22) that ¢;(0) =0
and hence there exists L; € R**" such that £,(x)=
Lix + £.:(x), x € R", where £,(-) contains higher order
terms. Furthermore, it follows from (24) that Z;, = Z,,
Z;, e R i=1,...,q, which implies (45). Using
the above expressions, equations (22) and (23) can be

,q, if and only if

written as
0=x"(4"P,+ P,A—C"Q,C

q
. Wi P+ LI L)x + y(x) 47)

j=1

0=x"(P.B—CY(S,+0Q;D)+ LI Z)+T(x) (48)

where

q
Yi(X) = V() Ax — Z Wi jyvsri(X) + 25T LI 0(x)
Jj=1

+ £(X) i (x) (49)
Ii(x) = 1 (0B + L) Z;. (50)

Now, viewing (47) and (48) as the Taylor’s series
expansion of (22) and (24), respectively, about x=0
and noting that limy_ (y:()1/IIxI>) =0  and
limy o o(I7:(0)1/lIx) =0,i=1,...,q, it follows that
P, i=1,...,¢q, satisfy (43) and (44). ]

Remark 5: Note that (43)—(45) are equivalent to

A B; L} .
o B o4 TR

where, forall i=1,...,q

,q (51)

q
A= AP+ PA—C'Q:C =Y Wip P (52)
=

B, = P,B—C"(S;+ QD) (53)
Ci=—(R;+D"S;+ S'D+D"Q,D). (54)

Hence, vector dissipativity of large-scale linear dynam-
ical systems with respect to vector quadratic supply rates
can be characterized via (cascade) linear matrix inequal-
ities (LMIs) (Boyd et al. 1994). A similar remark holds
for Theorem 6 below.

The next result presents sufficient conditions guaran-
teeing vector dissipativity of G with respect to a vector
quadratic supply rate in the case where the vector
storage function is component decoupled.

Theorem 6: Consider the large-scale linear dynamical
system G given by (41), (42). Let R; € S™, S; € R"™™
0; € §l", i=1,...,q, be given. Assume there exist
matrices W e R, P, eN" L;eR"™"  Z.¢c
RWW™ i=1,...,q, Ly € R and Z; e R i, j=
I,...,q,1#j, such that W is essentially non-negative
and semistable (respectively, asymptotically stable), and,
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foralli=1,...,q
0> A; P+ Pid; — C; Q:C; — Wi nPi+ LiL;

q
+ Y Ll (55)
J=1, j#i
0=PB;—C'S;—CQ:D; + L, Z; (56)
0<R +D!S;+S'D;+D0.D;, — 7} 7 (57)
and forj=1,...,q, ] %1

0=PA;+LjZ; (58)

0< WiyP;—ZjZy. (59)

Then G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector supply
rate S(u, y) 2 [s1(u1, 1), - -+, sq(uq,yq)]T, where s;(u;, ;) =
uj Rty + 2y Sy + y{ Qv i =1, q.

Proof: Since P, e N, the function vy(x;)= X! Px;,
x; € R", is non-negative definite and vy (0) = 0.
Moreover, since vy (-) is continuously differentiable
it follows from (55)—(59) that for all u; € R™, i=
I,...,q,and t > ¢,

V(xi(1)) = 2x;] (1) P; |:Xq: Ayxi(1) + Bi”i(t):|
J=1

< XiT(t)|:W(i, o Pi + ClO.C,— LiL;

J=1

Z 2x] ()L Zyxi (1) + 2x] (1) CF Siui(0)

q
- i
J=1, j#i
+ 25 (1) C QiDu(t) — 2x7 ()L Zijui(t)
q
+ D x5 OWa P — Zi Zylx(0)
J=1, j#i

+uf (DR (1) + 2u] (1)D] Sjui(t)
+ uiT(f)DiTQiDi”i(t) - u;r([)Z;Ziiui([)

q
= Z Wi jyvsi(x;(1) + ui (1) Ryui(t)
=

+ 207 (OSu(6) + v} ()Qi(t)

— [Laxi (D) + ZiuO [Lix () + Ziui(0)]
q

— > (Lyxi) + Zypx () (Lyxi(0) + Zypx, (1)
J=1, j#i
q
< s5iui(0), (D) + Y Wi jy v (x(0)) (60)
j=1

or, equivalently, in vector form
Vix(@) =< WV(x(0) + S@w,y), uell, =1 (61)

where V(%) 2 v (x)), . ., vy (x)]", x € R". Now, it
follows from Remark 1 that G is vector dissipative
(respectively, exponentially vector dissipative) with
respect to the vector supply rate S(u, y) and with vector
storage function V(x), x € R". ]

5. Stability of feedback interconnections of
large-scale non-linear dynamical systems

In this section we consider stability of feedback
interconnections of large-scale non-linear dynamical sys-
tems. Specifically, for the large-scale dynamical system
G given by (9), (10) we consider either a dynamic or
static large-scale feedback system G.. Then by appropri-
ately combining vector storage functions for each system
we show stability of the feedback interconnection. The
use of vector storage functions as vector Lyapunov func-
tions in the stability of feedback interconnections offers
a very flexible framework since each component of the
vector Lyapunov function can satisfy less rigid require-
ments as compared to a single scalar Lyapunov function
(Willems 1972 a, Hill and Moylan 1977). Weakening the
hypothesis on the Lyapunov function enlarges the class
of Lyapunov functions that can be used for analysing
stability of feedback systems. In particular, each com-
ponent of a vector Lyapunov function need not be posi-
tive definite with a negative or even negative-
semidefinite derivative. Alternatively, the time derivative
of the vector Lyapunov function need only satisfy an
element-by-element vector inequality involving a vector
field of a certain comparison system.

We begin by considering the large-scale non-linear
dynamical system (9), (10) with the large-scale feedback
system G given by

xc(l) = Fc(xc(l)a uc([))’ xc(ZO) =X, =1 (62)
yc([) = Hc(xc(l)a uc(l)) (63)

where F,: R™ xU, — R, H:R" xU, > Y, F.2
T CTT K T CTT ¢ ! N Cm
[FCI,--~ach] 5HC:[Hc17--~chq auch’ ych .

Moreover, for alli =1,..., ¢, we assume that

Fci(xcs uci) :fci(xci) + Ici(xc) + Gci(xci)uci (64)
Hci(xci7 uci) = hci(xci) + Jci(xci)uci (65)

where  uy €Uy CRY, vy 2 Hy(xguy) € Y, S R™,
(uj, yei) 18 the input—output pair for the ith subsystem
of G, fuR* > R* and Z, R"*— R"™ satisfy
7.40) =0 and Z(0) = 0, Gy R% — R p . R —
R™ and satisfies 5(0) =0, J,: R — R™* and
Y7 ne = ne. Furthermore, we define the composite
input and composite output for the system G, as ucé
[uly, ..., ugq]T and y, 2 LT ych]T, respectively. In
this case, U =Uc X - - XUy and Vo = Ve X -+ X Ve
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Figure 1. Feedback interconnection of large-scale systems

G and G..

Note that with the feedback interconnection given by
figure 1, u,=y and y.=-—u. We assume that
the negative feedback interconnection of G and G, is well
posed; that is, det(Z,, + J.;(x¢;)Ji(x;)) # 0 for all x; € R",
X €R"™ and i=1,...,q. Furthermore, we assume that
for the large-scale systems G and G, the conditions of
Theorem 3.3 of Haddad er al. (2003) are satisfied; that
is, if Vi(x), x e R", and V(x.), x. € R™, are vector
storage functions for G and G,, respectively, then there
exist p e R? and p.eR% such that the functions
() =p'V. (X) xR, and vey(xe) = pe Ves(xe), X €R™,

are positive definite. The following result gives sufficient
conditions for Lyapunov and asymptotic stability of the
feedback interconnection given by figure 1.

Theorem 7:  Consider the large-scale non-linear dynami-
cal systems G and G, given by (9), (10) and (62), (63),
respectively. Assume that G and G. are vector dissipa-
tive with respect to the vector supply rates S(u,y) and
Sc(ug, y.), and with continuously differentiable vector stor-
age functions V(-) and V(-) and dissipation matrices
W e R and W, € R™*Y, respectively.

(1) If there exists Zédiag[al, o504 > 0 such that
S(u,y) + 2S.(ue, o) << 0 and W € R js semi-
stable (respeclzvely, asymplotzcally stable), where
Wiip = max{W. (ZWE ")) = max{W,).
(0i/op)Weips isj=1,...,q, then the negative
feedback interconnection of G and G, is Lyapunov
(respectively, asymptotically) stable.

(i) Let Q;€S", S; e [R"'X’”", R €S™,0,€S™, S, €
R™*" and R, € S", and suppose S(u, y) = [s,(u;,
yl), Sq(u ’yq)] and S (ucayc) [Scl(ucl’ycl)

S (ucq,ycq)] where s; (u,,y,)_ u; R u; + 2y, Siu; +
Vi Qiyi and Scz(uczaycz)— uClRCluLl 1‘2yc1501uu+

y&EOuve i=1,...,q. If there exists = =diag[oy, ...,
041> 0 such that for all i=1,...,q
i+ OoR;  —S;i+0Sq
0= [QT ) °}50 (66)
ST +0Sa Ri+0,0q

and W € R jg semzslable (respectively, asymplomally
stable),  where W(, = de{W(, gy (E W )(, =
max{W j,(0;/0) Wi} ij=1,...,q, then the negative

feedback interconnection of G and G. is Lyapunov

(respectively, asymptotically) stable.

Proof:
(i) Consider the vector Lyapunov function candi-
date V(x,x.) = Vy(x) + ZV(xo), (x,x.) € R"x
R", and note that the corresponding vector
Lyapunov derivative satisfies

V(x, xc) = Vs(x) + ZVCS(XC)
<< S(u,y) + ZSc(tte, ye) + WV(x)
+ ZW Ves(xe)
<< WV(X) + ZWE ' 2V (x0)
<< WV (x) + ZVs(xc)

=WV(x,x), (x,x;)eR" xR (67)

IA

Next, since for V(x), x € R", and V(x.), x, €
R, there exist, by assumption, p € IR and
p. € RY such that the functlons V(x) = Vs(x),
xeR" and vy(x.) = piVe(xo), X, € IR ¢, are
positive definite and noting that vcs(xc) <
max;_; o Peite’ V%(Axc) where Pei 18 the ith
element of p, and e=[l,..., 1], it follows that
e V(xo), x. € R™, is posmve deﬁnlte Now
since mini:l ,,,,, q{PlU }e VCS(YC) =p Z"Vcs(xc)
follows that p'XV.(x.), x. € R™, is posi-
tive definite. Hence, the function w(x,x.) =
PV (x,x0), (x,x.) € R" x R™, is positive definite.
Now, the result is a direct consequence of
Theorem 1.

(i1) The proof follows from (i) by noting that, for all
i=1,...,q,

T
i, ¥i) + 038ci(Uei» Vei) = |:)J:C] Ql[;}c] (68)

and hence S(u,y) + 2S.(u, y.) << 0. ]

Corollary 1:  Consider the large-scale non-linear dynam-
ical systems G and G. given by (9), (10) and (62), (63),
respectively. Assume that G and G, are zero-state obser-
vable with dissipation matrices W € R?*? and W, € R,
respectively. Then the following statements hold:

(i) If G and G, are vector passive_ and W e R s
asymptotically stable, where W(, = mdx{W(, )
Weipnts i, =1,...,q, then the negative feedback
interconnection of G and G, is asymptotically
stable.

(i) If G and G. are vector non-expansive and
W e R is asymptotically stable, where W; j =
max{W y, Wei pbs ,j=1,....q,  then  the
negative feedback interconnection of G and G, is
asymptotically stable.
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Proof: The proofis a direct consequence of Theorem 7.
Specifically, (i) follows from Theorem 7 with R; =0,
S; =Im,-v 0,=0,R;=0,S; :1m,-s 0.,=0,i=1,---,q,
and X =/, while (ii) follows from Theorem 7 with
Ri=Vlp, Si=0, Qi=—I. Ry=vili. Sa=0.
Qi=—1,.i=1,....q,and 2 =1, O

6. Conclusion

In this paper we have extended the notion of dissi-
pativity theory to vector dissipativity theory. Specifi-
cally, using vector storage functions and vector supply
rates, dissipativity properties of composite large-scale
dynamical systems are shown to be determined from
the dissipativity properties of the individual subsystems
and the nature of their interconnections. Furthermore,
extended Kalman—Yakubovich—Popov conditions, in
terms of the local subsystem dynamics and the subsys-
tem interconnection constraints, characterizing vector
dissipativeness via vector storage functions are derived.
In addition, general stability criteria were given for
feedback interconnections of large-scale non-linear
dynamical systems in terms of vector storage functions
serving as vector Lyapunov functions.

The extended Kalman—Yakubovich—Popov condi-
tions developed in this paper predicated on vector
storage functions and vector supply rates provide a gen-
eralization to the classical Kalman—Yakubovich-Popov
conditions in that dissipativity of a large-scale system
can be deduced from the individual subsystems and
the nature of the interconnections. Furthermore, the
stability of feedback interconnection results based
on vector storage functions developed in the paper
are formally more general than the standard feedback
stability interconnection results based on scalar storage
functions in that they require weaker assumptions.
Extensions of vector dissipativity theory to the
relevant problems of large-scale hybrid systems
involving continuous-time dynamics coupled to
abstract decision-making units will be explored in a
future paper.
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