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Recent technological demands have required the analysis and control design of increasingly complex, large-scale
non-linear dynamical systems. In analysing these large-scale systems, it is often desirable to treat the overall system as
a collection of interconnected subsystems. Solution properties of the large-scale system are then deduced from the
solution properties of the individual subsystems and the nature of the system interconnections. In this paper we develop
an analysis framework for large-scale dynamical systems based on vector dissipativity notions. Specifically, using vector
storage functions and vector supply rates, dissipativity properties of the composite large-scale system are shown
to be determined from the dissipativity properties of the subsystems and their interconnections. Furthermore, extended
Kalman–Yakubovich–Popov conditions, in terms of the subsystem dynamics and interconnection constraints,
characterizing vector dissipativeness via vector system storage functions are derived. Finally, these results are used to
develop feedback interconnection stability results for large-scale non-linear dynamical systems using vector Lyapunov
functions.

1. Introduction

Modern complex dynamical systems} are highly
interconnected and mutually interdependent, both
physically and through a multitude of information and
communication network constraints. The sheer size
(i.e. dimensionality) and complexity of these large-
scale dynamical systems often necessitates a hierarchical
decentralized architecture for analysing and controlling
these systems. Specifically, in the analysis and control-
system design of complex large-scale dynamical systems
it is often desirable to treat the overall system as a
collection of interconnected subsystems. The behaviour
of the aggregate or composite (i.e. large-scale) system
can then be predicted from the behaviours of the
individual subsystems and their interconnections. The
need for decentralized analysis and control design
of large-scale systems is a direct consequence of the
physical size and complexity of the dynamical model.
In particular, computational complexity may be too
large for model analysis while severe constraints on
communication links between system sensors, actuators,
and processors may render centralized control architec-
tures impractical.

An approach to analysing large-scale dynamical
systems was introduced by the pioneering work of
Šiljak (1978) and involves the notion of connective
stability. In particular, the large-scale dynamical system
is decomposed into a collection of subsystems with
local dynamics and uncertain interactions. Then, each
subsystem is considered independently so that the
stability of each subsystem is combined with the inter-
connection constraints to obtain a vector Lyapunov
function for the composite large-scale dynamical system
guaranteeing connective stability for the overall system.
Vector Lyapunov functions were first introduced
by Bellman (1962) and Matrosov (1972) and further
developed by Martynyuk (1975), Michel and Miller
(1977), Grujić et al. (1987), Lunze (1989) and
Lakshmikantham et al. (1991), with Michel and Miller
(1977), Šiljak (1978, 1983), Grujić et al. (1987), Lunze
(1989), Martynyuk (1998, 2002) exploiting their utility
for analysing large-scale systems. Extensions of vector
Lyapunov function theory that include matrix-valued
Lyapunov functions for stability analysis of large-scale
dynamical systems appear in the monographs by
Martynyuk (1998, 2002). The use of vector Lyapunov
functions in large-scale system analysis offers a very flex-
ible framework since each component of the vector
Lyapunov function can satisfy less rigid requirements
as compared to a single scalar Lyapunov function.
Moreover, in large-scale systems several Lyapunov func-
tions arise naturally from the stability properties of each
subsystem. An alternative approach to vector Lyapunov
functions for analysing large-scale dynamical systems is
an input–output approach wherein stability criteria are
derived by assuming that each subsystem is either finite
gain, passive or conic (Araki 1976, Lasley and Michel
1976 a,b, Vidyasagar 1981).
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In light of the fact that energy flow modelling arises

naturally in large-scale dynamical systems and vector

Lyapunov functions provide a powerful stability analy-

sis framework for these systems, it seems natural that

dissipativity theory (Willems 1972 a,b), on the subsystem

level, should play a key role in unifying these analysis

methods. Specifically, dissipativity theory provides a

fundamental framework for the analysis and design

of control systems using an input–output description

based on system energyy related considerations

(Willems 1972 a). The dissipation hypothesis on dynam-

ical systems results in a fundamental constraint on their

dynamic behaviour wherein a dissipative dynamical

system can only deliver a fraction of its energy to its

surroundings and can only store a fraction of the work

done to it. Such conservation laws are prevalent in large-

scale dynamical systems such as aerospace systems,

power systems, network systems, structural systems

and thermodynamic systems. Since these systems have

numerous input–output properties related to conserva-

tion, dissipation, and transport of energy, extending

dissipativity theory to capture conservation and dissipa-

tion notions on the subsystem level would provide a

natural analysis framework for large-scale dynamical

systems. Aggregating the dissipativity properties of

each of the subsystems by appropriate storage func-

tions and supply rates would allow us to study the dis-

sipativity properties of the composite large-scale system

using vector storage functions and vector supply rates.

Furthermore, since vector Lyapunov functions can be

viewed as generalizations of composite energy functions

for all of the subsystems, a generalized notion of dis-

sipativity; namely, vector dissipativity, with appropriate

vector storage functions and vector supply rates, can be

used to construct vector Lyapunov functions for non-

linear feedback large-scale systems by appropriately

combining vector storage functions for the forward

and feedback large-scale systems. Finally, as in classical

dynamical system theory, vector dissipativity theory

can play a fundamental role in addressing robustness,

disturbance rejection, stability of feedback interconnec-

tions and optimality for large-scale dynamical systems.

In this paper we develop vector dissipativity notions

for large-scale non-linear dynamical systems; a notion

not previously considered in the literature. In particular,

we introduce a generalized definition of dissipativity

for large-scale non-linear dynamical systems in terms

of a vector inequality involving a vector supply rate,

a vector storage function, and a quasimonotone

increasing function. On the subsystem level, the

proposed approach provides an energy flow balance in
terms of the stored subsystem energy, the supplied
subsystem energy, the subsystem energy gained from
all other subsystems independent of the subsystem coup-
ling strengths, and the subsystem energy dissipated.
Furthermore, for large-scale dynamical systems decom-
posed into interconnected subsystems, dissipativity of
the composite system is shown to be determined from
the dissipativity properties of the individual subsystems
and the nature of the interconnections. In addition,
we develop extended Kalman–Yakubovich–Popov con-
ditions, in terms of the local subsystem dynamics and
the interconnection constraints, for characterizing
vector dissipativeness via vector storage functions for
large-scale dynamical systems. Finally, using the con-
cepts of vector dissipativity and vector storage functions
as candidate vector Lyapunov functions, we develop
feedback interconnection stability results for large-
scale non-linear dynamical systems. General stability
criteria are given for Lyapunov and asymptotic stability
of feedback interconnections of large-scale dynamical
systems. In the case of vector quadratic supply rates
involving net subsystem powers and input–output sub-
system energies, these results provide a positivity and
small gain theorem for large-scale systems predicated
on vector Lyapunov functions.

2. Mathematical preliminaries

In this section we introduce notation, several defini-
tions, and some key results needed for analysing large-
scale non-linear dynamical systems. Let R denote the set
of real numbers, R

n denote the set of n� 1 column
vectors, Sn denote the set of n� n symmetric matrices,
N

n (respectively, Pn) denote the the set of n� n non-
negative (respectively, positive) definite matrices, ð�Þ

T

denote transpose and let In or I denote the n� n identity
matrix. For v 2 R

q we write v��0 (respectively, v � 0)
to indicate that every component of v is non-negative
(respectively, positive). In this case we say that v is non-
negative or positive, respectively. Let R

q
þ and R

q
þ denote

the non-negative and positive orthants of R
q; that is,

if v 2 R
q, then v 2 R

q
þ and v 2 R

q
þ are equivalent,

respectively, to v�� 0 and v � 0. Finally, we write
k � k for the Euclidean vector norm, V 0

ðxÞ for the
Fréchet derivative of V at x and M � 0 (respectively,
M > 0) to denote the fact that the Hermitian matrix
M is non-negative (respectively, positive) definite. The
following definition introduces the notion of Z-, essen-
tially non-negative, compartmental and non-negative
matrices.

Definition 1 (Berman and Plemmons 1979, Bernstein
and Hyland 1993): Let W 2 R

q�q. W is a Z-matrix
if Wði, jÞ � 0, i, j ¼ 1, . . . , q, i 6¼ j. W is essentially
non-negative if �W is a Z-matrix; that is, Wði, jÞ � 0,

yHere the notion of energy refers to abstract energy for
which a physical system energy interpretation is not necessary.
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i, j ¼ 1, . . . , q, i 6¼ j. W is compartmental if W is essen-

tially non-negative and
Pq

i¼1 Wði, jÞ � 0, j ¼ 1, . . . , q.

Finally, W is non-negativey (respectively, positive) if

Wði, jÞ � 0 (respectively, Wði, jÞ > 0), i, j ¼ 1, . . . , q.

The following definition introduces the notion of

class W functions involving quasimonotone increasing

functions.

Definition 2 (Wazewski 1950, Šiljak 1978): A function

w ¼ ½w1, . . . ,wq�
T: Rq

! R
q is of class W if wiðr

0
Þ �

wiðr
00
Þ, i ¼ 1, . . . , q, for all r0, r00 2 R

q such that r0j � r00j ,

r0i ¼ r00i , j ¼ 1, . . . , q, i 6¼ j, where ri denotes the ith com-

ponent of r.

If wð�Þ 2 W we say that w satisfies the Kamke con-

dition. Note that if wðrÞ ¼ Wr, where W 2 R
q�q, then

the function wð�Þ is of class W if and only if W is essen-

tially non-negative. Furthermore, note that it follows

from Definition 2 that any scalar ðq ¼ 1Þ function w(r)

is of class W. The following definition introduces the

notion of essentially non-negative functions (Bernstein

and Bhat 1999, Haddad et al. 2001).

Definition 3: Let w ¼ ½w1, . . . ,wq�
T: V ! R

q, where V is

an open subset of Rq that contains R
q
þ. Then w is essen-

tially non-negative if wiðrÞ � 0 for all i ¼ 1, . . . , q and

r 2 R
q
þ such that ri¼ 0.

Note that if w: Rq
! R

q is such that wð�Þ 2 W and

wð0Þ � 0 � 0, then w is essentially non-negative; the

converse however is not generally true. However, if

wðrÞ ¼ Wr, where W 2 R
q�q is essentially non-negative,

then wð�Þ is essentially non-negative and wð�Þ 2 W.

Proposition 1 (Bernstein and Bhat 1999, Haddad et al.

2001): Suppose R
q
þ � V. Then R

q
þ is an invariant set

with respect to

_rrðtÞ ¼ wðrðtÞÞ, rðt0Þ ¼ r0, t � t0, ð1Þ

where r0 2 R
q
þ, if and only if w: V ! R

q is essentially

non-negative.

It follows from Proposition 1 that if r0 �� 0, then

rðtÞ �� 0, t � t0, if and only if wð�Þ is essentially non-

negative. In this case, the usual stability definitions for

the equilibrium solution rðtÞ 	 re to (1) are not valid.

In particular, stability notions need to be defined with

respect to relatively open subsets of R
q
þ containing re

(Haddad et al. 2001).

Next, we present a stability result for large-scale

non-linear dynamical systems using vector Lyapunov

functions. In particular, we consider non-linear dynam-
ical systems of the form

_xxðtÞ ¼ FðxðtÞÞ, xðt0Þ ¼ x0, t � t0 ð2Þ

where F : D ! R
n is Lipschitz continuous on D, D 
 R

n

is an open set with 0 2 D and Fð0Þ ¼ 0. Here, we assume
that (2) characterizes a large-scale non-linear dynamical
system composed of q interconnected subsystems such
that, for all i ¼ 1, . . . , q, each element of F(x) is given by
FiðxÞ ¼ fiðxiÞ þ I iðxÞ, where fi: Di 
 R

ni ! R
ni defines

the vector field of each isolated subsystem of (2),
I i : D ! R

ni defines the structure of the interconnection
dynamics of the ith subsystem with all other subsystems,
xi 2 Di 
 R

ni , fið0Þ ¼ 0, I ið0Þ ¼ 0, and
Pq

i¼1 ni ¼ n. For
the large-scale non-linear dynamical system (2) we note
that the subsystem states xiðtÞ, t � t0, for all i ¼ 1, . . . , q
belong to Di 
 R

ni as long as xðtÞ ¼
�
½xT1 ðtÞ, . . . , x

T
q ðtÞ�

T
2

D, t � t0. The next theorem presents a stability result for
(2) via vector Lyapunov functions by relating the stab-
ility properties of a comparison system to the stability
properties of the large-scale non-linear dynamical
system.

Theorem 1 (Šiljak 1978): Consider the large-scale non-
linear dynamical system given by (2). Suppose there exist
a continuously differentiable vector function V : D ! R

q
þ

and a positive vector p 2 R
q
þ such that Vð0Þ ¼ 0, the

scalar function v: D ! Rþ defined by vðxÞ ¼
�
pTVðxÞ,

x 2 D, is such that vð0Þ ¼ 0, vðxÞ > 0, x 6¼ 0, and

V 0
ðxÞFðxÞ �� wðVðxÞÞ, x 2 D ð3Þ

where w: R
q
þ ! R

q is a class W function such that
wð0Þ ¼ 0. Then the stability properties of the zero solution
rðtÞ 	 0 to

_rrðtÞ ¼ wðrðtÞÞ, rðt0Þ ¼ r0, t � t0 ð4Þ

imply the corresponding stability properties of the zero
solution xðtÞ 	 0 to (2). That is, if the zero solution
rðtÞ 	 0 to (4) is Lyapunov (respectively, asymptotically)
stable, then the zero solution xðtÞ 	 0 to (2) is Lyapunov
(respectively, asymptotically) stable. If, in addition,
D ¼ R

n and vðxÞ ! 1 as kxk ! 1, then global asymp-
totic stability of the zero solution rðtÞ 	 0 to (4) implies
global asymptotic stability of the zero solution xðtÞ 	 0
to (2).

If V : D ! R
q
þ satisfies the conditions of Theorem 1

we say that VðxÞ, x 2 D, is a vector Lyapunov function
for the large-scale non-linear dynamical system (2).
Finally, we recall the standard notions of dissipativity
(Willems 1972 a) and exponential dissipativity
(Chellaboina and Haddad 2003) for non-linear dynami-
cal systems G of the form

_xxðtÞ ¼ f ðxðtÞÞ þ GðxðtÞÞuðtÞ, xðt0Þ ¼ x0, t � t0 ð5Þ

yðtÞ ¼ hðxðtÞÞ þ JðxðtÞÞuðtÞ ð6Þ

y In this paper it is important to distinguish between
a square non-negative (respectively, positive) matrix and a
non-negative-definite (respectively, positive-definite) matrix.
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where x 2 D 
 R
n, u 2 U 
 R

m, y 2 Y 
 R
l, f : D ! R

n

and satisfies f ð0Þ ¼ 0, G: D ! R
n�m, h: D ! R

l and
satisfies hð0Þ ¼ 0, and J: D ! R

l�m. For the non-linear
dynamical system G we assume that the required
properties for the existence and uniqueness of solutions
are satisfied; that is, uð�Þ satisfies sufficient regularity
conditions such that (5) has a unique solution forward
in time. For the non-linear dynamical system G given
by (5) and (6) a function s: Rm

�R
l
! R such that

sð0, 0Þ ¼ 0 is called a supply rate (Willems 1972 a) if it is
locally integrable for all input–output pairs satisfying
(5), (6); that is, for all input–output pairs u 2 U, y 2 Y

satisfying (5), (6), sð�, �Þ satisfies
Ð t2
t1
jsðuð�Þ, yð�ÞÞjd� < 1,

t2 � t1 � t0.

Definition 4 (Willems 1972 a, Chellaboina and Haddad
2003): The non-linear dynamical system G given by (5),
(6) is exponentially dissipative (respectively, dissipative)
with respect to the supply rate sðu, yÞ if there exist a
continuous non-negative-definite function vs: R

n
! Rþ,

called a storage function, and a scalar " > 0 (respectively,
" ¼ 0) such that vsð0Þ ¼ 0 and the dissipation inequality

e"t2 vsðxðt2ÞÞ � e"t1vsðxðt1ÞÞ

þ

ðt2
t1

e"t sðuðtÞ, yðtÞÞ dt, t2 � t1 ð7Þ

is satisfied for all t1, t2 � t0, where xðtÞ, t � t1, is the
solution of (5) with u 2 U. The non-linear dynamical
system G given by (5), (6) is lossless with respect to the
supply rate sðu, yÞ if the dissipation inequality is satisfied
as an equality with " ¼ 0 for all t2 � t1 � t0.

If vsð�Þ is continuously differentiable, then an equiva-
lent statement for exponential dissipativity (respectively,
dissipativity) of the dynamical system (5), (6) is

_vvsðxðtÞÞ þ "vsðxðtÞÞ

� sðuðtÞ, yðtÞÞ, t � t0, u 2 U, y 2 Y ð8Þ

where " > 0 (respectively, " ¼ 0) and _vvsðxðtÞÞ denotes the
total derivative of vsðxÞ along the state trajectories
xðtÞ, t � t0, of (5).

3. Vector dissipativity theory for large-scale

non-linear dynamical systems

In this section we extend the notion of dissipative
dynamical systems to develop the generalized notion
of vector dissipativity for large-scale non-linear dynam-
ical systems. We begin by considering non-linear dynam-
ical systems G of the form

_xxðtÞ ¼ FðxðtÞ, uðtÞÞ, xðt0Þ ¼ x0, t � t0 ð9Þ

yðtÞ ¼ HðxðtÞ, uðtÞÞ ð10Þ

where x2D
R
n, u2U 
R

m, y2Y
R
l, F :D�U !R

n,
H:D�U!Y, D is an open set with 02D, and
Fð0,0Þ¼0. Here, we assume that G represents a

large-scale dynamical system composed of q inter-
connected controlled subsystems Gi so that, for all
i¼1, . . . ,q

Fiðx, uiÞ ¼ fiðxiÞ þ I iðxÞ þ GiðxiÞui ð11Þ

Hiðxi, uiÞ ¼ hiðxiÞ þ JiðxiÞui ð12Þ

where xi 2 Di 
 R
ni , ui 2 U i 
 R

mi , yi ¼
�
Hiðxi, uiÞ 2

Yi 
 R
li , ðui, yiÞ is the input–output pair for the ith

subsystem, fi: R
ni ! R

ni and I i: D ! R
ni are Lipschitz

continuous and satisfy fið0Þ ¼ 0 and I ið0Þ ¼ 0,
Gi : R

ni ! R
ni�mi is continuous, hi: R

ni ! R
li and satis-

fies hið0Þ ¼ 0, Ji:R
ni ! Rli�mi ,

Pq
i¼1 ni ¼ n,

Pq
i¼1mi ¼ m,

and
Pq

i¼1 li ¼ l. Furthermore, for the system G we
assume that the required properties for the existence
and uniqueness of solutions are satisfied; that is, for
every i 2 f1, . . . , qg, uið�Þ satisfies sufficient regularity
conditions such that the system (9) has a unique solu-
tion forward in time. We define the composite input
and composite output for the large-scale system G

as u¼
�
½uT1 , . . . , u

T
q �

T and y¼
�
½ yT1 , . . . , y

T
q �

T, respectively.
Note that in this case the set U ¼ U1 � � � � � Uq contains
the set of input values and Y ¼ Y1 � � � � � Yq contains
the set of output values.

Definition 5: For the large-scale non-linear dynam-
ical system G given by (9), (10) a vector function
S ¼ ½s1, . . . , sq�

T: U � Y ! R
q such that Sðu, yÞ ¼

�

½s1ðu1, y1Þ, . . . , sqðuq, yqÞ�
T and Sð0, 0Þ ¼ 0 is called a vec-

tor supply rate if it is componentwise locally integrable
for all input–output pairs satisfying (9), (10); that is,
for every i 2 f1, . . . , qg and for all input–output pairs
ðui, yiÞ 2 U i � Yi satisfying (9), (10), sið�, �Þ satisfiesÐ t2
t1
jsiðuiðsÞ, yiðsÞÞj ds < 1, t2 � t1 � t0.

Definition 6: The large-scale non-linear dynamical
system G given by (9), (10) is vector dissipative (respec-
tively, exponentially vector dissipative) with respect to the
vector supply rate Sðu, yÞ if there exists a continuous,
non-negative definite vector function Vs ¼ ½vs1, . . . ,
vsq�

T: D ! R
q
þ, called a vector storage function, and a

class W function w: R
q
þ ! R

q such that Vsð0Þ ¼ 0,
wð0Þ ¼ 0, the zero solution rðtÞ 	 0 to the comparison
system

_rrðtÞ ¼ wðrðtÞÞ, rðt0Þ ¼ r0, t � t0 ð13Þ

is Lyapunov (respectively, asymptotically) stable, and
the vector dissipation inequality

VsðxðTÞÞ �� Vsðxðt0ÞÞ þ

ðT
t0

wðVsðxðtÞÞÞ dt

þ

ðT
t0

SðuðtÞ, yðtÞÞdt ð14Þ

is satisfied for all T � t0, where xðtÞ, t � t0, is the
solution to (9) with u 2 U. The large-scale non-linear
dynamical system G given by (9), (10) is vector lossless

910 W. M. Haddad et al.



with respect to the vector supply rate Sðu, yÞ if the vector
dissipation inequality is satisfied as an equality with the
zero solution rðtÞ 	 0 to (13) being Lyapunov stable.

Remark 1: If Vsð�Þ is continuously differentiable, then
(14) can be equivalently written as

_VVsðxðtÞÞ �� wðVsðxðtÞÞÞ þ SðuðtÞ, yðtÞÞ, t � t0, u 2 U:

ð15Þ

Remark 2: If in Definition 6 the function w: R
q
þ ! R

q

is such that wðrÞ ¼ Wr, where W 2 R
q�q, then W is

essentially non-negative. In this case, the large-scale
non-linear dynamical system G given by (9), (10) is
vector dissipative (respectively, exponentially vector dis-
sipative) with respect to the vector supply rate Sðu, yÞ
if and only if there exist a vector storage function
Vs ¼ ½vs1, . . . , vsq�

T: D ! R
q
þ and an essentially non-

negative dissipation matrix W 2R
q�q such that Vsð0Þ ¼ 0,

W is semistabley (respectively, asymptotically stable),
and the vector dissipation inequality

VsðxðTÞÞ �� eWðT � t0ÞVsðxðt0ÞÞ

þ

ðT
t0

eW ðT � tÞSðuðtÞ, yðtÞÞ dt, T � t0 ð16Þ

is satisfied, where xðtÞ, t � t0, is the solution to (9) with
u 2 U. The large-scale non-linear dynamical system G

given by (9), (10) is vector lossless with respect to the
vector supply rate Sðu, yÞ if and only if the vector dis-
sipation inequality (16) is satisfied as an equality with W
semistable.

Note that if the subsystems Gi of G are disconnected;
that is, I iðxÞ 	 0 for all i ¼ 1, . . . , q, and wðVsÞ ¼ WVs,
where �W 2 R

q�q is diagonal and non-negative definite,
then it follows from Remark 2 that each of the dis-
connected subsystems Gi is dissipative (respectively,
exponentially dissipative) in the sense of Definition 4.
A similar remark holds in the case where q¼ 1. To
state the main results of this section the following
definition is required.

Definition 7 (Willems 1972 a): The large-scale non-
linear dynamical system G given by (9), (10) is completely
reachable if for all x0 2 D 
 R

n, there exist a finite time
ti < t0 and a square integrable input uð�Þ defined on
½ti, t0� such that the state xðtÞ, t � ti, can be driven
from xðtiÞ ¼ 0 to xðt0Þ ¼ x0. A large-scale non-linear
dynamical system G is zero-state observable if uðtÞ 	 0
and yðtÞ 	 0 imply xðtÞ 	 0.

Recall that if a disconnected subsystem Gi (i.e.
I iðxÞ 	 0, i 2 f1, . . . , qg) of a large-scale dynamical

system G is exponentially dissipative (respectively, dis-
sipative) with respect to a supply rate siðui, yiÞ, then there
exist a storage function vsi: R

ni ! Rþ and a constant
"i > 0 (respectively, "i ¼ 0) such that the dissipation
inequality (7) holds. In the case where vsi: R

ni ! Rþ is
continuously differentiable, equation (7) yields

v0siðxiÞð fiðxiÞ þ GiðxiÞuiÞ

� �"ivsiðxiÞ þ siðui, yiÞ, xi 2 R
ni , ui 2 U i: ð17Þ

The next result relates exponential dissipativity with
respect to a scalar supply rate of each disconnected
subsystem Gi of G with vector dissipativity (or, possibly,
exponential vector dissipativity) of G with respect to a
vector supply rate.

Proposition 2: Consider the large-scale non-linear
dynamical system G given by (9), (10). Assume that G is
completely reachable and each disconnected subsystem Gi

of G is exponentially dissipative with respect to the supply
rate siðui, yiÞ and with a continuously differentiable stor-
age function vsi: R

ni ! Rþ, i ¼ 1, . . . , q. Furthermore,
assume that the interconnection functions I i: D ! R

ni ,
i ¼ 1, . . . , q, of G are such that

v0siðxiÞI iðxÞ �
Xq
j¼1

�ijðxÞvsjðxjÞ, x 2 D, i ¼ 1, . . . , q

ð18Þ

where �ij: D ! R, i, j ¼ 1, . . . , q, are given bounded
functions. If W 2 R

q�q is semistable (respectively, asymp-
totically stable), with

Wði, jÞ ¼
�"i þ �ii, i ¼ j

�ij, i 6¼ j

(
ð19Þ

where "i > 0 and �ij ¼
�

maxf0, supx2D �ijðxÞg, i, j ¼
1, . . . , q, then G is vector dissipative (respectively, expo-
nentially vector dissipative) with respect to the vector sup-
ply rate Sðu, yÞ ¼

�
½s1ðu1, y1Þ, . . . , sqðuq, yqÞ�

T and with
vector storage function VsðxÞ ¼

�
½vs1ðx1Þ, . . . , vsqðxqÞ�

T,
x 2 D.

Proof: Since each disconnected subsystem Gi of G

is exponentially dissipative with respect to the supply
rate siðui, yiÞ, i ¼ 1, . . . , q, it follows from (17) and (18)
that, for all ui 2 U i and i ¼ 1, . . . , q

_vvsiðxiðtÞÞ ¼ v0siðxiðtÞÞ½ fiðxiðtÞÞ þ I iðxðtÞÞ þ GiðxiðtÞÞuiðtÞ�

� �"ivsiðxiðtÞÞ þ siðuiðtÞ, yiðtÞÞ

þ
Xq
j¼1

�ijðxðtÞÞvsjðxjðtÞÞ

� �"ivsiðxiðtÞÞ þ siðuiðtÞ, yiðtÞÞ

þ
Xq
j¼1

�ijvsjðxjðtÞÞ, t � t0: ð20Þ
yA matrix W 2 R

q�q is semistable if and only if
limt!1 eWt exists while W is asymptotically stable if and only
if limt!1 eWt

¼ 0:
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Now, the result follows from Remark 1 by noting that

for all subsystems Gi of G

_VVsðxðtÞÞ �� WVsðxðtÞÞ þ SðuðtÞ, yðtÞÞ, t � t0, u 2 U

ð21Þ

where W is essentially non-negative and, by assumption,
semistable (respectively, asymptotically stable) and

VsðxÞ ¼
�
½vs1ðx1Þ, . . . , vsqðxqÞ�

T, x 2 D, is a vector storage

function for G. œ

Next, we show that vector dissipativeness (respec-

tively, exponential vector dissipativeness) of a large-

scale non-linear dynamical system G of the form (9),

(10) can be characterized in terms of the local subsystem
functions fið�Þ, Gið�Þ, hið�Þ, and Jið�Þ, along with the inter-

connection structures I ið�Þ for i ¼ 1, . . . , q. For these

results we consider the special case of dissipative systems

with quadratic vector supply rates and set D ¼ R
n,

U i ¼ R
mi , and Yi ¼ R

li . Specifically, let Ri 2 S
mi , Si 2

R
li�mi and Qi 2 S

li be given and assume Sðu, yÞ is such

that siðui, yiÞ ¼ yTi Qiyi þ 2yTi Siui þ uTi Riui, i ¼ 1, . . . , q.

Furthermore, for the remainder of this paper we assume

that there exists a continuously differentiable vector
storage function VsðxÞ, x 2 R

n, for the large-scale non-

linear dynamical system G. For the statement of the next

result recall that x ¼ ½xT1 , . . . , x
T
q �

T, u ¼ ½uT1 , . . . , u
T
q �

T,

y ¼ ½yT1 , . . . , y
T
q �

T, xi 2 R
ni , ui 2 R

mi , yi 2 R
li , i ¼

1, . . . , q,
Pq

i¼1 ni ¼ n,
Pq

i¼1 mi ¼ m, and
Pq

i¼1 li ¼ l.
Furthermore, for (9), (10) define F : Rn

! R
n,

G: Rn
! R

n�m, h: Rn
! R

l, and J: Rn
! R

l�m by

FðxÞ ¼
�
½F

T
1 ðxÞ, . . . ,F

T
q ðxÞ�

T, where F iðxÞ ¼
�
fiðxiÞ þ

I iðxÞ, i ¼ 1, . . . , q, GðxÞ¼
�
diag½G1ðx1Þ, . . . ,GqðxqÞ�, hðxÞ¼

�

½hT1 ðx1Þ, . . . ,h
T
q ðxqÞ�

T, and JðxÞ¼
�
diag½J1ðx1Þ, . . . ,JqðxqÞ�.

Finally, for all i¼1, . . . ,q, define R̂Ri 2S
m, ŜSi 2R

l�m,

and Q̂Qi 2S
l such that each of these block matrices con-

sists of zero blocks except, respectively, for the matrix

blocks Ri 2S
mi , Si 2R

li�mi , and Qi 2S
li on ði, iÞ position.

Theorem 2: Consider the large-scale non-linear dynam-

ical system G given by (9), (10). Let Ri 2 S
mi , Si 2 R

li�mi

and Qi 2 S
li , i ¼ 1, . . . , q. Then G is vector dissipative

(respectively, exponentially vector dissipative) with

respect to the vector quadratic supply rate Sðu, yÞ, where

siðui, yiÞ ¼ uTi Riui þ 2yTi Siui þ yTi Qiyi, i ¼ 1, . . . , q, if and

only if there exist functions Vs ¼ ½vs1, . . . , vsq�
T:

R
n
! R

q
þ, w ¼ ½w1, . . . ,wq�

T: R
q
þ ! R

q, ‘i: R
n
! R

si ,

and Zi: R
n
! R

si�m, such that vsið�Þ is continuously

differentiable, vsið0Þ ¼ 0, i¼ 1, . . . ,q, w 2W, wð0Þ ¼ 0, the

zero solution rðtÞ 	 0 to (13) is Lyapunov (respectively,
asymptotically) stable, and, for all x 2R

n and

i¼ 1, . . . ,q,

0 ¼ v0siðxÞFðxÞ � hTðxÞQ̂QihðxÞ � wiðVsðxÞÞ þ ‘Ti ðxÞ‘iðxÞ

ð22Þ

0 ¼ 1
2
v0siðxÞGðxÞ � hTðxÞðŜSi þ Q̂QiJðxÞÞ þ ‘Ti ðxÞZiðxÞ

ð23Þ

0 ¼ R̂Ri þ JT
ðxÞŜSi þ ŜST

i JðxÞ þ JT
ðxÞQ̂QiJðxÞ � Z

T
i ðxÞZiðxÞ:

ð24Þ

Proof: First, suppose that there exist functions vsi:
R

n
! Rþ, ‘i: R

n
! R

si , Zi: R
n
! R

si�m, w: R
q
þ ! R

q,
such that vsið�Þ is continuously differentiable and
non-negative-definite, vsið0Þ ¼ 0, i ¼ 1, . . . , q, wð0Þ ¼ 0,
w 2 W, the zero solution rðtÞ 	 0 to (13) is Lyapunov
(respectively, asymptotically) stable, and (22)–(24) are
satisfied. Then for any u 2 U, t1, t2 2 R, t2 � t1 � t0,
and i ¼ 1, . . . , q, it follows from (22)–(24) thatðt2
t1

siðuiðtÞ, yiðtÞÞ dt

¼

ðt2
t1

½uTðtÞR̂RiuðtÞ þ 2yTðtÞŜSiuðtÞ þ yTðtÞQ̂QiyðtÞ�dt

¼

ðt2
t1

½hTðxðtÞÞQ̂QihðxðtÞÞ þ 2hTðxðtÞÞðŜSi þ Q̂QiJðxðtÞÞÞuðtÞ

þ uTðtÞðJT
ðxðtÞÞQ̂QiJðxðtÞÞ þ JT

ðxðtÞÞŜSi

þ ŜST
i JðxðtÞÞ þ R̂RiÞuðtÞ�dt

¼

ðt2
t1

½v0siðxðtÞÞðF ðxðtÞÞ þ GðxðtÞÞuðtÞÞ þ ‘Ti ðxðtÞÞ‘iðxðtÞÞ

þ 2‘Ti ðxðtÞÞZiðxðtÞÞuðtÞ

þ uTðtÞZT
i ðxðtÞÞZiðxðtÞÞuðtÞ � wiðVsðxðtÞÞÞ� dt

¼

ðt2
t1

½ _vvsiðxðtÞÞ þ ½‘iðxðtÞÞ þ ZiðxðtÞÞuðtÞ�
T

� ½‘iðxðtÞÞ þ ZiðxðtÞÞuðtÞ� � wiðVsðxðtÞÞÞ� dt

� vsiðxðt2ÞÞ � vsiðxðt1ÞÞ �

ðt2
t1

wiðVsðxðtÞÞÞ dt ð25Þ

where xðtÞ, t � t0, satisfies (9). Now, the result fol-
lows from (25) with vector storage function VsðxÞ ¼
½vs1ðxÞ, . . . , vsqðxÞ�

T, x 2 R
n.

Conversely, suppose that G is vector dissipative
(respectively, exponentially vector dissipative) with
respect to the vector supply rate Sðu, yÞ, where
siðui, yiÞ ¼ uTi Riui þ 2yTi Siui þ yTi Qiyi, i ¼ 1, . . . , q. Then
there exist a vector storage function Vs ¼ ½vs1, . . . , vsq�

T:
R

n
! R

q
þ and a class W function w ¼ ½w1, . . . ,wq�

T:
R

q
þ ! R

q such that Vsð0Þ ¼ 0, wð0Þ ¼ 0, the zero sol-
ution rðtÞ 	 0 to (13) is Lyapunov (respectively, asymp-
totically) stable, and, for all i ¼ 1, . . . , q, t2 � t1, and
u 2 U,

vsiðxðt2ÞÞ � vsiðxðt1ÞÞ þ

ðt2
t1

siðuiðtÞ, yiðtÞÞdt

þ

ðt2
t1

wiðVsðxðtÞÞÞ dt: ð26Þ
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Since, by assumption, vsið�Þ is continuously differenti-
able, equation (26) is equivalent to

_vvsiðxðtÞÞ � siðuiðtÞ, yiðtÞÞ þ wiðVsðxðtÞÞÞ, t � t0 ð27Þ

where xðtÞ, t � t0, satisfies (9). Now, with t ¼ t0 it fol-
lows from (27) that

v0siðx0ÞðF ðx0Þ þ Gðx0Þuðt0ÞÞ � siðuiðt0Þ, yiðt0ÞÞ þ wiðVsðx0ÞÞ

ð28Þ

for all uðt0Þ 2 R
m, yðt0Þ 2 R

l, x0 2 R
n and i ¼ 1, . . . , q.

Next, let di: R
n
� R

m
! R be such that for all

i ¼ 1, . . . , q

diðx, uÞ ¼
�

� v0siðxÞðF ðxÞ þ GðxÞuÞ

þ siðui, hiðxiÞ þ JiðxiÞuiÞ þ wiðVsðxÞÞ: ð29Þ

Now, since x0 2 D is arbitrary, it follows from (28) that
diðx, uÞ � 0, x 2 R

n, u 2 R
m, i ¼ 1, . . . , q. Furthermore,

note that diðx, uÞ given by (29) is quadratic in u
and hence there exist functions ‘i: R

n
! R

si and
Zi: R

n
! R

si�m such that, for all i ¼ 1, . . . , q, x 2 R
n,

and u 2 R
m

diðx, uÞ ¼ ½‘iðxÞ þ ZiðxÞu�
T
½‘iðxÞ þ ZiðxÞu�

¼ �v0siðxÞðF ðxÞ þ GðxÞuÞ þ siðui, hiðxiÞ þ JiðxiÞuiÞ

þ wiðVsðxÞÞ

¼ �v0siðxÞðF ðxÞ þ GðxÞuÞ þ uTR̂Riuþ 2ðhðxÞ

þ JðxÞuÞTŜSiuþ ðhðxÞ þ JðxÞuÞTQ̂QiðhðxÞ

þ JðxÞuÞ þ wiðVsðxÞÞ: ð30Þ

Now, equating coefficients of equal powers yields
(22)–(24). œ

Using (22)–(24) it follows that for T � t0 � 0 and
i ¼ 1, . . . , q

ðT
t0

siðuiðtÞ, yiðtÞÞdtþ

ðT
t0

wiðVsðxðtÞÞÞ dt

¼ vsiðxðTÞÞ � vsiðxðt0ÞÞ

þ

ðT
t0

½‘iðxðtÞÞ þ ZiðxðtÞÞuðtÞ�
T

� ½‘iðxðtÞÞ þ ZiðxðtÞÞuðtÞ� dt ð31Þ

where VsðxÞ ¼ ½vs1ðxÞ, . . . , vsqðxÞ�
T, x 2 R

n, which can be
interpreted as a generalized energy balance equation

for the ith subsystem of G where vsiðxðTÞÞ � vsiðxðt0ÞÞ is
the stored or accumulated generalized energy of the ith
subsystem, the two path-dependent terms on the left
are, respectively, the external supplied energy to the
ith subsystem and the energy gained by the ith subsys-
tem from the net energy flow between all subsystems due
to subsystem coupling, and the second path-dependent
term on the right corresponds to the dissipated energy
from the ith subsystem. Equivalently, equation (31) can
be rewritten for all i ¼ 1, . . . , q as

_vvsiðxðtÞÞ ¼ siðuiðtÞ, yiðtÞÞ þ wiðVsðxðtÞÞÞ � ½‘iðxðtÞÞ

þ ZiðxðtÞÞuðtÞ�
T
½‘iðxðtÞÞ þ ZiðxðtÞÞuðtÞ�, t � t0

ð32Þ

which yields a set of q generalized energy conserva-
tion equations for the large-scale dynamical system G.
Specifically, equation (32) shows that the rate of change
in generalized energy, or generalized power, of the ith
subsystem of G is equal to the generalized system power
input to the ith subsystem plus the instantaneous rate
of energy supplied to the ith subsystem from the net
energy flow between all subsystems minus the internal
generalized system power dissipated from the ith sub-
system.

Remark 3: Note that if G with uðtÞ 	 0 is vector dissi-
pative (respectively, exponentially vector dissipative)
with respect to the vector quadratic supply rate where
Qi � 0, i ¼ 1, . . . , q, then it follows from the vector dis-
sipation inequality that

_VVsðxðtÞÞ �� wðVsðxðtÞÞÞ þ Sð0, yðtÞÞ

�� wðVsðxðtÞÞÞ, t � t0 ð33Þ

where Sð0, yÞ ¼ ½s1ð0, y1Þ, . . . , sqð0, yqÞ�
T, sið0, yiðtÞÞ ¼

yTi ðtÞQiyiðtÞ � 0, t � t0, i ¼ 1, . . . , q, and xðtÞ, t � t0, is
the solution to (9) with uðtÞ 	 0. If, in addition, there
exists p 2 R

q
þ such that pTVsðxÞ, x 2 R

n, is positive
definite, then it follows from Theorem 1 that the
undisturbed (uðtÞ 	 0) large-scale non-linear dynamical
system (9) is Lyapunov (respectively, asymptotically)
stable.

Next, we extend the notions of passivity and
non-expansivity to vector passivity and vector non-
expansivity.

Definition 8: The large-scale non-linear dynamical
system G given by (9), (10) with mi ¼ li, i ¼ 1, . . . , q, is
vector passive (respectively, vector exponentially passive)
if it is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector supply
rate Sðu, yÞ, where siðui, yiÞ ¼ 2yTi ui, i ¼ 1, . . . , q.
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Definition 9: The large-scale non-linear dynamical

system G given by (9), (10) is vector non-expansive

(respectively, vector exponentially non-expansive) if it

is vector dissipative (respectively, exponentially vector

dissipative) with respect to the vector supply rate

Sðu, yÞ, where siðui, yiÞ ¼ �2
i u

T
i ui � yTi yi, i ¼ 1, . . . , q,

and �i > 0, i ¼ 1, . . . , q, are given.

Remark 4: Note that a mixed vector passive-non-

expansive formulation of G can also be considered.

Specifically, one can consider large-scale non-linear

dynamical systems G which are vector dissipative with

respect to vector supply rates Sðu, yÞ, where siðui, yiÞ ¼

2yTi ui, i 2 N p, sjðuj, yjÞ ¼ �2
j u

T
j uj � yTj yj, �j > 0, j 2 N ne,

N p \N ne ¼ ;, and N p [N ne ¼ f1, . . . , qg. Further-

more, supply rates for vector input strict passivity,

vector output strict passivity, and vector input–output

strict passivity generalizing the passivity notions given

in Hill and Moylan (1977) can also be considered.

However, for simplicity of exposition we do not do so

here.

The next result presents constructive sufficient

conditions guaranteeing vector dissipativity of G with

respect to a vector quadratic supply rate for the case

where the vector storage function VsðxÞ, x 2 R
n, is

component decoupled; that is, VsðxÞ ¼ ½vs1ðx1Þ, . . . ,

vsqðxqÞ�
T, x 2 R

n.

Theorem 3: Consider the large-scale non-linear dynam-

ical system G given by (9), (10). Assume that there exist

functions Vs ¼ ½vs1, . . . , vsq�
T: Rn

! R
q
þ, w ¼ ½w1, . . . ,

wq�
T: R

q
þ ! R

q, ‘i: R
n
! R

si , Zi: R
n
! R

si�mi such

that vsið�Þ is continuously differentiable, vsið0Þ ¼ 0,

i ¼ 1, . . . , q, w 2 W, wð0Þ ¼ 0, the zero solution rðtÞ 	 0

to (13) is Lyapunov (respectively, asymptotically) stable,

and, for all x 2 R
n and i ¼ 1, . . . , q

0 � v0siðxiÞ½ fiðxiÞ þ I iðxÞ� � hTi ðxiÞQihiðxiÞ

� wiðVsðxÞÞ þ ‘Ti ðxiÞ‘iðxiÞ ð34Þ

0 ¼ 1
2
v0siðxiÞGiðxiÞ � hTi ðxiÞðSi þQiJiðxiÞÞ þ ‘Ti ðxiÞZiðxiÞ

ð35Þ

0 � Ri þ JT
i ðxiÞSi þ ST

i JiðxiÞ þ JT
i ðxiÞQiJiðxiÞ

� Z
T
i ðxiÞZiðxiÞ: ð36Þ

Then G is vector dissipative (respectively, exponentially

vector dissipative) with respect to the vector supply rate

Sðu, yÞ, where siðui, yiÞ ¼ uTi Riui þ 2yTi Siui þ yTi Qiyi,

i ¼ 1, . . . , q.

Proof: For any admissible input u ¼ ½uT1 , . . . , u
T
q �

T such

that ui 2 R
mi , t1, t2 2 R, t2 � t1 � t0, and i ¼ 1, . . . , q,

it follows from (34)–(36) thatðt2
t1

siðuiðtÞ, yiðtÞÞ dt

¼

ðt2
t1

½uTi ðtÞRiuiðtÞ þ 2yTi ðtÞSiuiðtÞ þ yTi ðtÞQiyiðtÞ�dt

¼

ðt2
t1

½hTi ðxiðtÞÞQihiðxiðtÞÞ

þ 2hTi ðxiðtÞÞðSi þQiJiðxiðtÞÞÞuiðtÞ

þ uTi ðtÞðJ
T
i ðxiðtÞÞQiJiðxiðtÞÞ þ JT

i ðxiðtÞÞSi

þ ST
i JiðxiðtÞÞ þ RiÞuiðtÞ� dt

�

ðt2
t1

½v0siðxiðtÞÞ½ fiðxiðtÞÞ þ I iðxðtÞÞ þ GiðxiðtÞÞuiðtÞ�

þ ‘Ti ðxiðtÞÞ‘iðxiðtÞÞ þ 2‘Ti ðxiðtÞÞZiðxiðtÞÞuiðtÞ

þ uTi ðtÞZ
T
i ðxiðtÞÞZiðxiðtÞÞuiðtÞ � wiðVsðxðtÞÞÞ� dt

¼

ðt2
t1

½ _vvsiðxiðtÞÞ þ ½‘iðxiðtÞÞ þ ZiðxiðtÞÞuiðtÞ�
T

� ½‘iðxiðtÞÞ þ ZiðxiðtÞÞuiðtÞ� � wiðVsðxðtÞÞÞ� dt

� vsiðxiðt2ÞÞ � vsiðxiðt1ÞÞ �

ðt2
t1

wiðVsðxðtÞÞÞ dt ð37Þ

where xðtÞ, t � t0, satisfies (9). Now, the result follows
from (37) with vector storage function VsðxÞ ¼
½vs1ðx1Þ, . . . , vsqðxqÞ�

T, x 2 R
n. œ

Finally, we provide necessary and sufficient con-
ditions for the case where the large-scale non-linear
dynamical system G is vector lossless with respect to a
vector quadratic supply rate.

Theorem 4: Consider the large-scale non-linear dynami-
cal system G given by (9), (10). Let Ri 2 S

mi , Si 2 R
li�mi

and Qi 2 S
li , i ¼ 1, . . . , q. Then G is vector lossless with

respect to the vector quadratic supply rate Sðu, yÞ, where
siðui, yiÞ ¼ uTi Riui þ 2yTi Siui þ yTi Qiyi, i ¼ 1, . . . , q, if and
only if there exist functions Vs ¼ ½vs1, . . . , vsq�

T: Rn
! R

q
þ

and w ¼ ½w1, . . . ,wq�
T: R

q
þ ! R

q such that vsið�Þ is con-
tinuously differentiable, vsið0Þ ¼ 0, i ¼ 1, . . . , q, w 2 W,
wð0Þ ¼ 0, the zero solution rðtÞ 	 0 to (13) is Lyapunov
stable, and, for all x 2 R

n and i ¼ 1, . . . , q

0 ¼ v0siðxÞFðxÞ � hTðxÞQ̂QihðxÞ � wiðVsðxÞÞ ð38Þ

0 ¼ 1
2
v0siðxÞGðxÞ � hTðxÞðŜSi þ Q̂QiJðxÞÞ ð39Þ

0 ¼ R̂Ri þ JT
ðxÞŜSi þ ŜST

i JðxÞ þ JT
ðxÞQ̂QiJðxÞ: ð40Þ

Proof: The proof is analogous to the proof of
Theorem 2. œ

4. Specialization to large-scale linear

dynamical systems

In this section we specialize the results of } 3 to the
case of large-scale linear dynamical systems. Specifically,
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we assume that w 2 W is linear so that wðrÞ ¼ Wr, where
W 2 R

q�q is essentially non-negative, and consider the
large-scale linear dynamical system G given by

_xxðtÞ ¼ AxðtÞ þ BuðtÞ, xðt0Þ ¼ x0, t � t0 ð41Þ

yðtÞ ¼ CxðtÞ þDuðtÞ ð42Þ

where A 2 R
n�n and A is partitioned as A ¼

�
½Aij�,

i, j ¼ 1, . . . , q, Aij 2 R
ni�nj ,

Pq
i¼1 ni ¼ n, B¼ block�

diag½B1, . . . ,Bq�, C¼block�diag½C1, . . . ,Cq�, D¼block�
diag½D1, . . . ,Dq�, Bi 2R

ni�mi , Ci 2R
li�ni , Di 2R

li�mi and
i¼1, . . . ,q.

Theorem 5: Consider the large-scale linear dynamical
system G given by (41), (42). Let Ri 2 S

mi , Si 2 R
li�mi ,

Qi 2 S
li , i ¼ 1, . . . , q. Then G is vector dissipative (res-

pectively, exponentially vector dissipative) with respect
to the vector supply rate Sðu, yÞ, where siðui, yiÞ ¼
uTi Riui þ 2yTi Siui þ yTi Qiyi, i ¼ 1, . . . , q, if and only if
there exist W 2 R

q�q, Pi 2 N
n, Li 2 R

si�n and Zi 2

R
si�m, i ¼ 1, . . . , q, such that W is essentially non-

negative and semistable (respectively, asymptotically
stable), and, for all i ¼ 1, . . . , q

0 ¼ ATPi þ PiA� CTQ̂QiC �
Xq
j¼1

Wði, jÞPj þ LT
i Li ð43Þ

0 ¼ PiB� CT
ðŜSi þ Q̂QiDÞ þ LT

i Zi ð44Þ

0 ¼ R̂Ri þDTŜSi þ ŜST
i DþDTQ̂QiD� ZT

i Zi: ð45Þ

Proof: Sufficiency follows from Theorem 2 with
FðxÞ ¼ Ax, GðxÞ ¼ B, hðxÞ ¼ Cx, JðxÞ ¼ D, wðrÞ ¼ Wr,
‘iðxÞ ¼ Lix, ZiðxÞ ¼ Zi and vsiðxÞ ¼ xTPix, i ¼ 1, . . . , q.
To show necessity, suppose G is vector dissipative
with respect to the vector supply rate Sðu, yÞ, where
siðui, yiÞ ¼ uTi Riui þ 2yTi Siui þ yTi Qiyi, i ¼ 1, . . . , q. Then
it follows from Theorem 2, with wðrÞ ¼ Wr, that there
exist Vs: R

n
! R

q
þ, ‘i: R

n
! R

si , and Zi: R
n
! R

si�m,
such that W is essentially non-negative and semistable
(respectively, asymptotically stable), VsðxÞ ¼

�
½vs1ðxÞ, . . . ,

vsqðxÞ�
T, x 2 R

n, Vsð0Þ ¼ 0, and (22)–(24) hold for all
i ¼ 1, . . . , q with FðxÞ ¼ Ax, GðxÞ ¼ B, hðxÞ ¼ Cx,
JðxÞ ¼ D and wðrÞ ¼ Wr. Since vsið�Þ is non-negative-
definite and vsið0Þ ¼ 0, i ¼ 1, . . . , q, it follows that there
exists Pi 2 N

n, i ¼ 1, . . . , q, such that

vsiðxÞ ¼ xTPixþ vsriðxÞ, x 2 R
n, i ¼ 1, . . . , q ð46Þ

where vsri: R
n
! R contains the higher-order terms of

vsiðxÞ. Next, note that it follows from (22) that ‘ið0Þ ¼ 0
and hence there exists Li 2 R

si�n such that ‘iðxÞ ¼
Lixþ ‘riðxÞ, x 2 R

n, where ‘rið�Þ contains higher order
terms. Furthermore, it follows from (24) that Zi ¼ Zi,
Zi 2 R

si�m, i ¼ 1, . . . , q, which implies (45). Using
the above expressions, equations (22) and (23) can be

written as

0 ¼ xTðATPi þ PiA� CTQ̂QiC

�
Xq
j¼1

Wði, jÞPj þ LT
i LiÞxþ �iðxÞ ð47Þ

0 ¼ xTðPiB� CT
ðŜSi þ Q̂QiDÞ þ LT

i ZiÞ þ GiðxÞ ð48Þ

where

�iðxÞ ¼ v0sriðxÞAx�
Xq
j¼1

Wði, jÞvsrjðxÞ þ 2xTLT
i ‘riðxÞ

þ ‘TriðxÞ‘riðxÞ ð49Þ

GiðxÞ ¼
1
2
v0sriðxÞBþ ‘TriðxÞZi: ð50Þ

Now, viewing (47) and (48) as the Taylor’s series
expansion of (22) and (24), respectively, about x¼ 0
and noting that limkxk!0 ðj�iðxÞj=kxk

2
Þ ¼ 0 and

limkxk!0ðjGiðxÞj=kxkÞ ¼ 0, i ¼ 1, . . . , q, it follows that
Pi, i ¼ 1, . . . , q, satisfy (43) and (44). œ

Remark 5: Note that (43)–(45) are equivalent to

Ai Bi

B
T
i Ci

" #
¼�

LT
i

ZT
i

" #
Li Zi

� �
� 0, i ¼ 1, . . . ,q ð51Þ

where, for all i ¼ 1, . . . , q

Ai ¼ ATPi þ PiA� CTQ̂QiC �
Xq
j¼1

Wði, jÞPj ð52Þ

Bi ¼ PiB� CT
ðŜSi þ Q̂QiDÞ ð53Þ

Ci ¼ �ðR̂Ri þDTŜSi þ ŜST
i DþDTQ̂QiDÞ: ð54Þ

Hence, vector dissipativity of large-scale linear dynam-
ical systems with respect to vector quadratic supply rates
can be characterized via (cascade) linear matrix inequal-
ities (LMIs) (Boyd et al. 1994). A similar remark holds
for Theorem 6 below.

The next result presents sufficient conditions guaran-
teeing vector dissipativity of G with respect to a vector
quadratic supply rate in the case where the vector
storage function is component decoupled.

Theorem 6: Consider the large-scale linear dynamical
system G given by (41), (42). Let Ri 2 S

mi , Si 2 R
li�mi ,

Qi 2 S
li , i ¼ 1, . . . , q, be given. Assume there exist

matrices W 2 R
q�q, Pi 2 N

ni , Lii 2 R
sii�ni , Zii 2

R
sii�mi , i ¼ 1, . . . , q, Lij 2 R

sij�ni and Zij 2 R
sij�nj , i, j ¼

1, . . . , q, i 6¼ j, such that W is essentially non-negative
and semistable (respectively, asymptotically stable), and,
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for all i ¼ 1, . . . , q

0 � AT
ii Pi þ PiAii � CT

i QiCi �Wði, iÞPi þ LT
ii Lii

þ
Xq

j¼1, j 6¼i

LT
ij Lij ð55Þ

0 ¼ PiBi � CT
i Si � CT

i QiDi þ LT
ii Zii ð56Þ

0 � Ri þDT
i Si þ ST

i Di þDT
i QiDi � ZT

ii Zii ð57Þ

and for j ¼ 1, . . . , q, j 6¼ i

0 ¼ PiAij þ LT
ij Zij ð58Þ

0 � Wði, jÞPj � ZT
ij Zij: ð59Þ

Then G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector supply
rate Sðu, yÞ ¼

�
½s1ðu1, y1Þ, . . . , sqðuq, yqÞ�

T, where siðui, yiÞ ¼
uTi Riui þ 2yTi Siui þ yTi Qiyi, i ¼ 1, . . . , q.

Proof: Since Pi 2 N
ni , the function vsiðxiÞ ¼

�
xTi Pixi,

xi 2 R
ni , is non-negative definite and vsið0Þ ¼ 0.

Moreover, since vsið�Þ is continuously differentiable
it follows from (55)–(59) that for all ui 2 R

mi , i ¼
1, . . . , q, and t � t0

_vvsiðxiðtÞÞ ¼ 2xTi ðtÞPi

Xq
j¼1

AijxjðtÞ þ BiuiðtÞ

" #

� xTi ðtÞ

"
Wði, iÞPi þ CT

i QiCi � LT
ii Lii

�
Xq

j¼1, j 6¼i

LT
ij Lij

#
xiðtÞ

�
Xq

j¼1, j 6¼i

2xTi ðtÞL
T
ij ZijxjðtÞ þ 2xTi ðtÞC

T
i SiuiðtÞ

þ 2xTi ðtÞC
T
i QiDiuiðtÞ � 2xTi ðtÞL

T
iiZiiuiðtÞ

þ
Xq

j¼1, j 6¼i

xTj ðtÞ½Wði, jÞPj � ZT
ij Zij�xjðtÞ

þ uTi ðtÞRiuiðtÞ þ 2uTi ðtÞD
T
i SiuiðtÞ

þ uTi ðtÞD
T
i QiDiuiðtÞ � uTi ðtÞZ

T
ii ZiiuiðtÞ

¼
Xq
j¼1

Wði, jÞvsjðxjðtÞÞ þ uTi ðtÞRiuiðtÞ

þ 2yTi ðtÞSiuiðtÞ þ yTi ðtÞQiyiðtÞ

� ½LiixiðtÞ þ ZiiuiðtÞ�
T
½LiixiðtÞ þ ZiiuiðtÞ�

�
Xq

j¼1, j 6¼i

ðLijxiðtÞ þ ZijxjðtÞÞ
T
ðLijxiðtÞ þ ZijxjðtÞÞ

� siðuiðtÞ, yiðtÞÞ þ
Xq
j¼1

Wði, jÞvsjðxjðtÞÞ ð60Þ

or, equivalently, in vector form

_VVsðxðtÞÞ �� WVsðxðtÞÞ þ Sðu, yÞ, u 2 U, t � t0 ð61Þ

where VsðxÞ ¼
�
½vs1ðx1Þ, . . . , vsqðxqÞ�

T, x 2 R
n. Now, it

follows from Remark 1 that G is vector dissipative
(respectively, exponentially vector dissipative) with
respect to the vector supply rate Sðu, yÞ and with vector
storage function VsðxÞ, x 2 R

n. œ

5. Stability of feedback interconnections of

large-scale non-linear dynamical systems

In this section we consider stability of feedback
interconnections of large-scale non-linear dynamical sys-
tems. Specifically, for the large-scale dynamical system
G given by (9), (10) we consider either a dynamic or
static large-scale feedback system Gc. Then by appropri-
ately combining vector storage functions for each system
we show stability of the feedback interconnection. The
use of vector storage functions as vector Lyapunov func-
tions in the stability of feedback interconnections offers
a very flexible framework since each component of the
vector Lyapunov function can satisfy less rigid require-
ments as compared to a single scalar Lyapunov function
(Willems 1972 a, Hill and Moylan 1977). Weakening the
hypothesis on the Lyapunov function enlarges the class
of Lyapunov functions that can be used for analysing
stability of feedback systems. In particular, each com-
ponent of a vector Lyapunov function need not be posi-
tive definite with a negative or even negative-
semidefinite derivative. Alternatively, the time derivative
of the vector Lyapunov function need only satisfy an
element-by-element vector inequality involving a vector
field of a certain comparison system.

We begin by considering the large-scale non-linear
dynamical system (9), (10) with the large-scale feedback
system Gc given by

_xxcðtÞ ¼ FcðxcðtÞ, ucðtÞÞ, xcðt0Þ ¼ xc0, t � t0 ð62Þ

ycðtÞ ¼ HcðxcðtÞ, ucðtÞÞ ð63Þ

where Fc: R
nc � Uc ! R

nc , Hc: R
nc � Uc ! Yc, Fc ¼

�

½FT
c1, . . . ,F

T
cq�

T, Hc ¼
�
½HT

c1, . . . ,H
T
cq�

T, Uc 
 R
l, Yc 
 R

m.
Moreover, for all i ¼ 1, . . . , q, we assume that

Fciðxc, uciÞ ¼ fciðxciÞ þ I ciðxcÞ þ GciðxciÞuci ð64Þ

Hciðxci, uciÞ ¼ hciðxciÞ þ JciðxciÞuci ð65Þ

where uci 2 Uci 
 R
li , yci ¼

�
Hciðxci, uciÞ 2 Yi 
 R

mi ,
ðuci, yciÞ is the input–output pair for the ith subsystem
of Gc, fci: R

nci ! R
nci and I ci: R

nc ! R
nci satisfy

fcið0Þ ¼ 0 and I cið0Þ ¼ 0, Gci: R
nci ! R

nci�li , hci: R
nci !

R
mi and satisfies hcið0Þ ¼ 0, Jci: R

nci ! R
mi�li , andPq

i¼1 nci ¼ nc. Furthermore, we define the composite
input and composite output for the system Gc as uc ¼

�

½uTc1, . . . , u
T
cq�

T and yc ¼
�
½yTc1, . . . , y

T
cq�

T, respectively. In
this case, Uc ¼ Uc1 � � � � � Ucq and Yc ¼ Yc1 � � � �� Ycq.
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Note that with the feedback interconnection given by
figure 1, uc ¼ y and yc ¼ �u. We assume that
the negative feedback interconnection of G and Gc is well
posed; that is, detðImi

þ JciðxciÞJiðxiÞÞ 6¼ 0 for all xi 2 R
ni ,

xci 2 R
nci , and i ¼ 1, . . . ,q. Furthermore, we assume that

for the large-scale systems G and Gc, the conditions of
Theorem 3.3 of Haddad et al. (2003) are satisfied; that
is, if VsðxÞ, x 2 R

n, and VcsðxcÞ, xc 2 R
nc , are vector

storage functions for G and Gc, respectively, then there
exist p 2 R

q
þ and pc 2 R

q
þ such that the functions

vsðxÞ ¼ pTVsðxÞ, x2R
n, and vcsðxcÞ ¼ pTcVcsðxcÞ, xc 2R

nc ,
are positive definite. The following result gives sufficient
conditions for Lyapunov and asymptotic stability of the
feedback interconnection given by figure 1.

Theorem 7: Consider the large-scale non-linear dynami-
cal systems G and Gc given by (9), (10) and (62), (63),
respectively. Assume that G and Gc are vector dissipa-
tive with respect to the vector supply rates Sðu, yÞ and
Scðuc, ycÞ, and with continuously differentiable vector stor-
age functions Vsð�Þ and Vcsð�Þ and dissipation matrices
W 2 R

q�q and Wc 2 R
q�q, respectively.

(i) If there exists S¼
�
diag½�1, . . . , �q� > 0 such that

Sðu, yÞ þ SScðuc, ycÞ �� 0 and ~WW 2 R
q�q is semi-

stable (respectively, asymptotically stable), where
~WWði, jÞ ¼

�
maxfWði, jÞ, ðSWcS

�1
Þði, jÞg ¼ maxfWði, jÞ,

ð�i=�jÞWcði, jÞg, i, j ¼ 1, . . . , q, then the negative
feedback interconnection of G and Gc is Lyapunov
(respectively, asymptotically) stable.

(ii) Let Qi 2S
li , Si 2R

li�mi , Ri 2 S
mi ,Qci 2S

mi , Sci 2

R
mi�li , and Rci 2S

li , and suppose Sðu,yÞ ¼ ½s1ðu1,
y1Þ, . . . ,sqðuq,yqÞ�

T and Scðuc,ycÞ¼ ½sc1ðuc1,yc1Þ, . . . ,
scqðucq,ycqÞ�

T, where siðui,yiÞ¼ uTi Riui þ 2yTi Siuiþ
yTi Qiyi and sciðuci,yciÞ¼uTciRciuci þ2yTciSciuciþ
yTciQciyci, i¼1,...,q. If there exists S¼� diag½�1,...,
�q�>0 such that for all i¼1,...,q

~QQi ¼
� Qi þ �iRci �Si þ �iS

T
ci

�ST
i þ �iSci Ri þ �iQci

" #
� 0 ð66Þ

and ~WW 2 R
q�q is semistable (respectively, asymptotically

stable), where ~WWði, jÞ ¼
�

maxfWði, jÞ, ðSWcS
�1
Þði, jÞg ¼

maxfWði, jÞ, ð�i=�jÞWcði, jÞg, i, j ¼ 1, . . . ,q, then the negative

feedback interconnection of G and Gc is Lyapunov
(respectively, asymptotically) stable.

Proof:

(i) Consider the vector Lyapunov function candi-
date Vðx, xcÞ ¼ VsðxÞ þ SVcsðxcÞ, ðx, xcÞ 2 R

n
�

R
nc , and note that the corresponding vector

Lyapunov derivative satisfies

_VVðx, xcÞ ¼ _VVsðxÞ þ S _VVcsðxcÞ

�� Sðu, yÞ þ SScðuc, ycÞ þWVsðxÞ

þ SWcVcsðxcÞ

�� WVsðxÞ þ SWcS
�1SVcsðxcÞ

�� ~WWðVsðxÞ þ SVcsðxcÞÞ

¼ ~WWVðx, xcÞ, ðx, xcÞ 2 R
n
� R

nc : ð67Þ

Next, since for VsðxÞ, x 2 R
n, and VcsðxcÞ, xc 2

R
nc , there exist, by assumption, p 2 R

q
þ and

pc 2 R
q
þ such that the functions vsðxÞ ¼ pTVsðxÞ,

x 2 R
n, and vcsðxcÞ ¼ pTcVcsðxcÞ, xc 2 R

nc , are
positive definite and noting that vcsðxcÞ �
maxi¼1,..., qf pcig e

TVcsðxcÞ, where pci is the ith
element of pc and e¼

�
½1, . . . , 1�T, it follows that

e
TVcsðxcÞ, xc 2 R

nc , is positive definite. Now,
since mini¼1,..., qfpi�ige

TVcsðxcÞ � pTSVcsðxcÞ, it
follows that pTSVcsðxcÞ, xc 2 R

nc , is posi-
tive definite. Hence, the function vðx, xcÞ ¼
pTVðx, xcÞ, ðx, xcÞ 2 R

n
� R

nc , is positive definite.
Now, the result is a direct consequence of
Theorem 1.

(ii) The proof follows from (i) by noting that, for all
i ¼ 1, . . . , q,

siðui, yiÞ þ �isciðuci, yciÞ ¼
y
yc

� �T
~QQi

y
yc

� �
ð68Þ

and hence Sðu, yÞ þ SScðuc, ycÞ �� 0. œ

Corollary 1: Consider the large-scale non-linear dynam-
ical systems G and Gc given by (9), (10) and (62), (63),
respectively. Assume that G and Gc are zero-state obser-
vable with dissipation matrices W 2 R

q�q and Wc 2 R
q�q,

respectively. Then the following statements hold:

(i) If G and Gc are vector passive and ~WW 2 R
q�q is

asymptotically stable, where ~WWði, jÞ ¼
�

maxfWði, jÞ,
Wcði, jÞg, i, j ¼ 1, . . . , q, then the negative feedback
interconnection of G and Gc is asymptotically
stable.

(ii) If G and Gc are vector non-expansive and
~WW 2 R

q�q is asymptotically stable, where ~WWði, jÞ ¼
�

maxfWði, jÞ,Wcði, jÞg, i, j ¼ 1, . . . , q, then the
negative feedback interconnection of G and Gc is
asymptotically stable.

Figure 1. Feedback interconnection of large-scale systems
G and Gc.
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Proof: The proof is a direct consequence of Theorem 7.
Specifically, (i) follows from Theorem 7 with Ri ¼ 0,
Si ¼ Imi

, Qi ¼ 0, Rci ¼ 0, Sci ¼ Imi
, Qci ¼ 0, i ¼ 1, � � � ,q,

and S¼ Iq; while (ii) follows from Theorem 7 with
Ri ¼ �2i Imi

, Si ¼ 0, Qi ¼�Ili , Rci ¼ �2
ciIli , Sci ¼ 0,

Qci ¼�Imi
, i ¼ 1, . . . ,q, and S¼ Iq. œ

6. Conclusion

In this paper we have extended the notion of dissi-
pativity theory to vector dissipativity theory. Specifi-
cally, using vector storage functions and vector supply
rates, dissipativity properties of composite large-scale
dynamical systems are shown to be determined from
the dissipativity properties of the individual subsystems
and the nature of their interconnections. Furthermore,
extended Kalman–Yakubovich–Popov conditions, in
terms of the local subsystem dynamics and the subsys-
tem interconnection constraints, characterizing vector
dissipativeness via vector storage functions are derived.
In addition, general stability criteria were given for
feedback interconnections of large-scale non-linear
dynamical systems in terms of vector storage functions
serving as vector Lyapunov functions.

The extended Kalman–Yakubovich–Popov condi-
tions developed in this paper predicated on vector
storage functions and vector supply rates provide a gen-
eralization to the classical Kalman–Yakubovich–Popov
conditions in that dissipativity of a large-scale system
can be deduced from the individual subsystems and
the nature of the interconnections. Furthermore, the
stability of feedback interconnection results based
on vector storage functions developed in the paper
are formally more general than the standard feedback
stability interconnection results based on scalar storage
functions in that they require weaker assumptions.
Extensions of vector dissipativity theory to the
relevant problems of large-scale hybrid systems
involving continuous-time dynamics coupled to
abstract decision-making units will be explored in a
future paper.
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