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ass-action kinetics are used in chemistry and chemical engineering to describe the dynamics
of systems of chemical reactions, that is, reaction networks [1], [2]. These models are a special
form of compartmental systems, which involve mass- and energy-balance relations [3]-[5].
Aside from their role in chemical engineering applications, mass-action kinetics have numer-
ous analytical properties that are of inherent inter-
est from a dynamical systems perspective. For
example, mass-action kinetics give rise to sys-
tems of differential equations having
polynomial nonlinearities. Polyno-
mial systems are notorious for their
intricate analytical properties even
in low-dimensional cases [6]-
[10]. Because of physical con-
siderations, however, mass-
action kinetics have special
properties, such as nonnega-
tive solutions, that are useful
for analyzing their behavior
[11]-[14].

With this motivation in
mind, this article has several
objectives. First, we provide a
general construction of the kinetic
equations based on the reaction
laws. We present this construction in
a state-space form that is accessible to
the systems and control community. This
presentation is based on the formulation given in
[11] and [15].

Next, we consider the nonnegativity of solutions to the kinetic

D.S. BERNSTEIN

equations. Since the kinetic equations govern the concentrations of the species in the reaction network, it is
obvious from physical arguments that nonnegative initial conditions must give rise to trajectories that
remain in the nonnegative orthant. To demonstrate this fact, we show that the kinetic equations are essen-
tially nonnegative, and we prove that, for all nonnegative initial conditions, the resulting concentrations
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are nonnegative. A related result is mentioned in [11] and
[16]. In addition, we consider the realizability problem,
which is concerned with the inverse problem of construct-
ing a reaction network having specified essentially nonneg-
ative dynamics. In particular, we provide an explicit
construction of a reaction network for essentially nonnega-
tive polynomial dynamics involving a scalar state.

Next, we consider the reducibility of the kinetic equations.
In certain cases, such as in enzyme kinetics, kinetic equations
can be reduced in dimensionality by using constants involv-
ing initial concentrations. We provide a general statement of
this procedure. We then consider the stability of the equilibria
of the kinetic equations. To do this, we apply Lyapunov
methods to the kinetic equations, and we obtain results that
guarantee semistability, that is, convergence to a Lyapunov-
stable equilibrium that depends on the initial concentrations.
Semistability is the appropriate notion of stability for com-
partmental systems in general, and reaction networks in par-
ticular, where the limiting concentration may be nonzero and
may depend on the initial concentrations. Semistability
theory is developed in [17], which extends the linear semi-
stability results of [18] to nonlinear systems. Finally, we
revisit the zero deficiency result of [19] and [20], which pro-
vides rate-independent conditions that guarantee conver-
gence of the species concentrations. In this regard we have
two objectives. First, we present the zero deficiency result for
mass-action kinetics in standard matrix terminology, and,
second, we prove semistability using the techniques of [17].

REACTION NETWORKS

We begin by reviewing the general formulation of the
kinetic equations that describe chemical reactions with
mass-action kinetics. First, consider the familiar reaction

2H, + O, L 2H,0. )

The quantities on the left-hand side of reaction (1) are the
reactants, the quantities on the right-hand side are the prod-
ucts, and k denotes the reaction rate. The reactants and prod-
ucts are collectively referred to as the species of the reaction.
Equation (1) can be rewritten as

3 P 3

> AX,— > BX, @)
=1

j=1 j

where X, X;, and X3 denote the species H, O,, and H,O,
respectively; A1 =2, Ay =1, A3=0, Bi=0, B, =0, and
B3 = 2 are the stoichiometric coefficients; and k denotes the
reaction rate. Note that (2) can be written compactly using
the matrix-vector notation

AX £ BX, 3)

where X = [X; X; X3]', A=[A; Ay A3] =[210], and B=
[B1 By B3] =[002].

Next, consider the reversible reaction

k
Na,COs + CaCl, k: CaCOs; + 2NaCl, (4)
2
which is a concise notation for the forward and backward
reactions
Na,CO; + CaCl, - CaCO; + 2NaCl, ®)
CaCO; + 2NaCl 2 Na,CO; + CaCl,, 6)

where k; and k, are the reaction rates for the forward and
backward reactions, respectively. Now, let X;, X5, X3, and
X4 denote the species Na,CO3;, CaCl,, CaCOs, and NaCl,
respectively, so that (4) can be written as

X1+ X2 A, X3 +2Xy, (7)
X5 +2Xs 25 Xy + X, ®)

or, equivalently, as (3), where X = [Xi1 X» X3 X4}T, k= [k1 ko),
and

[1 100 _[oo0o12
A—{0012]' B—{1100]'

Next, we formulate the kinetic equations for multiple
chemical reactions such as (7) and (8). Specifically, consider
s species X1, ..., X;, where s > 1, whose interactions are gov-
erned by r reactions, where r > 1, comprising the reaction net-
work

Al‘]‘Xj — Bl‘]‘Xj, i= 1, N (9)

where, for i =1,...,7, k; > 0 is the reaction rate of the ith
reaction, st':l AjiX; is the reactant of the ith reaction, and
Z;Zl B;jXj is the product of the ith reaction. Note that each
reaction in the reaction network (9) is represented as being
irreversible. However, reversible reactions can be modeled by
including the reverse reaction as a separate reaction, as in the
case of reaction (4). Each stoichiometric coefficient A;; and Bj; is
assumed to be a nonnegative integer. The reaction network
(9) can be written compactly in matrix-vector form as

AX 5 BX, (10)
where X =[X;y--- XS}T is a column vector of species,
k=1lky-- ~k,]T € [0,00)", and A and B denote the r X s non-
negative matrices A = [A;j] and B = [Bj;].

To avoid vacuous cases, we assume that each species
Xi, ..., X, appears in the reaction network (10) with at least
one nonzero coefficient A;; or B;. This assumption is equiva-
lent to assuming that none of the columns of [’g} is zero.
Furthermore, in special cases and only when specifically
mentioned, we allow k; = 0, which effectively denotes the
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fact that the ith reaction is absent. Finally, we assume that,
for all i=1,...,7, row;(A) #row;(B) to avoid trivial
reactions of the form X; — X; or X; + X, *, X1+ Xo,
whose kinetics equations are x(f) =0 and x;(t) =0,
X(t) = 0, respectively.

THE LAW OF MASS ACTION
AND THE KINETIC EQUATIONS
To derive the dynamics of the reaction network, we invoke
the law of mass action [1], which states that, for an elementary
reaction, that is, a reaction in which all of the stoichiometric
coefficients of the reactants are one, the rate of reaction is
proportional to the product of the concentrations of the
reactants. In particular, consider the reaction
X; + Xs —5 bXs, (11)
where Xj, X, X3 are the species and b is a positive integer.
Then

Xi(t) = —kx1(Hxa(t),
x3(t) = bkx1(t)xa(t),

x(0) =xp, t>0, i=1,2,

x3(0) = x30,

(12)
(13)

where x;(t), i = 1,2, 3, denotes the concentration of the spe-
cies X;. Now, writing (1) as the elementary reaction

H, + H, + 0, - 2H,0, (14)

Matrix Notation

vector x € R? = RP* " is a p x 1 column vector, while the

set of px g real matrices is denoted by RP*9. For
x € RP we write x >> 0 to indicate that every component of
X is nonnegative and x >> 0 to indicate that every compo-
nent of x is positive. In this case, we say that x is nonnega-
respectively. Likewise, A€ RP*9 is
nonnegative or positive if every entry of A is nonnegative or
positive, respectively, which is writtenas A>>0or A >> 0,
respectively. Let [0, o0)” and (0, oo)” denote the nonnegative
and positive orthants of R”, respectively; that is, if x € R”,
then x € [0,00)" and x € (0,00)" are equivalent, respec-
tively, tox >> 0and x >> 0.

For vectors x, y € RP and matrices A, B € R°*9 we use
Xoy and Ao B to denote component-by-component and
entry-by-entry multiplication, respectively. The p x p identity
matrix is written as /,. The vector [1, 1, ..., 1]" is written as e.
The transposes of x € RP and A € R?*9 are denoted by x"
and AT, respectively. For a matrix A € RP*9, row;(A) and
col;(A) denote the ith row and jth column of A, respectively.
Finally, R(A) and N(A) denote the range and null spaces of
A € RP*9, respectively, p(A) denotes the spectral radius of
A, and spec (A) denotes the spectrum of A.

tive or positive,
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the law of mass action implies that

x1(t) = —2kxf(Hxa(t), x1(0) =2x10, t>0, (15)
() = —kd(t)xa(t),  x2(0) = x2, (16)
i3(H) = 2kxd(Hxa(t),  x3(0) = x30, 17)

where x1(t), x2(t), and x3(t) denote the concentrations of Hj,
O,, and H,O, respectively, at time f.

Similarly, let x;(f) denote the concentration of X;, i=
1,...,4,in (7) and (8), or, equivalently, the reversible reaction
(4). In this case, it follows from the law of mass action that

x1(t) = —kixi (O)x2(t) + koxs(H)x3(t),  x1(0) = x10, t >0, (18)

o(t) = —kixi(Hxa(t) + koxs(Dxi(f),  x2(0) = x20, (19)
() = kix1(Hxa(t) — kaxs(Dx3(t),  x3(0) = x30, (20)
5C4(f) = 2](13(1 (f))Q(i’) — 2k2x3(t)xﬁ(t), X4(0) = X40- (21)

More generally, consider reaction (10) and, forj =1,...,s,
let x;(t) denote the concentration of the species X; at time t.
Then, by applying the law of mass action, the dynamics of the
reaction network (10) are given by the kinetic equations

()= (B —A)Tkox(t), x(0)=x, t>0, (22)
where the notation k o x* is defined in “Matrix Notation” and
the notation x! is defined in “Vector-Matrix Exponentiation.”
Defining K A diag(ki, ..., k), (22) can be written as

() = B —A)TKxA®), x(0)=x9, t>0. (23)

In mass-action kinetics the reaction order Z}s-zl Ajj of the ith
reaction is the sum of the stoichiometric coefficients of the
species appearing in the reactant of the ith reaction. Equation
(22), which is equivalent to [11, (4.7)], is a matrix-vector for-
mulation of mass-action kinetics. It can be seen that the
kinetic equations (22) are linear if and only if each row of A
contains exactly one 1 with the remaining entries equal to
zero, that is, if and only if each reaction is unimolecular. In this
case, it can be seen that x* = Ax, and thus (22) becomes

x(t) = Mx(t), x(0)=x, t=>0, (24)
where M € R°** is defined by
M2 (B - A)KA. (25)

The reaction network (10) is not limited to closed sys-
tems for which conservation of mass holds. In fact, (10) can
also be used to represent open systems in which mass
removal and mass addition are allowed. For example, either
A =0 or B=0 (but not both) is allowed in the reaction
AX, X BX;. The kinetic equations for the reactions X; K 0
and 0 K X1, which represent the removal and addition of
mass, are X1(t) = —kixi(t) and x1(t) = k; with solutions
x1(t) = x1(0)e ™! and x;(t) = kit + x1(0), respectively. The
reactions X; — 2X; and 2X; — 3X;, which also represent
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the addition of mass, have the kinetics x;(t) = kix1(f) and
X1 (t) = ka2 () with solutions x;(t) = x1(0)ét! and x(t) =
x1(0)/(1 — k1x1(0)t), respectively. Note that the latter solu-
tion has finite escape time since it exists only on the interval
[0,1/(k1x1(0))). Finally, the reactions X X yand2x 5 2Y,
although stoichiometrically equivalent, have different ki-
netic equations, namely, x(t) = —kx(t), y(t) = kx(t) and x(t) =
—kx?(t), y(t) = kx?(t), respectively. We adopt the convention
that the law of mass action applies to the reaction involving
the minimum number of molecules necessary for the reac-
tion to occur.

Example 1
Consider the reaction network

X1 5 X,, (26)
X, 2 Xy, (27)
sothats =2, r = 2,and A and B are given by
10 01
A:{O 1}, B:{l O}. 28)
The kinetic equations are thus given by
x1(t) = —kix1(t) +koxa(t), x1(0) =x10, t>0, (29)
Xo(t) = kixi(f) — kaxa(t),  x2(0) = x20, (30)
that is, in linear system form (24), where
-k ke
M= { ky —k2:|' (31)
[ ]
Example 2
Consider the reaction network
Xy 4 X 52X, (32)
2X1 LR X1+ Xo, (33)
sothats =2,r=2,
1 1 2 0
A7{2 0}, Bf{l 1}. (34)
The kinetic equations are thus given by
x1(t) = ki (Oxa() — koxi(t), x1(0) =x10, t>0, (35)
() = —kixi(Ox(t) + kxi(t),  x2(0) = x. (36)
[
Example 3
The Lotka-Volterra reaction is given by
X1 52X, (37)
Xi +X; 2%, (38)
X, 220, (39)

where x; and x, denote prey and predator species, respectively,
so thats = 2 and r = 3. Furthermore, A and B are given by

10 20
A=1|1 1|, B=|0 2 (40)
01 00
Consequently, the kinetic equations have the form
1 Fyxi(t)
0=y | |rnomo|,
k3xa(t)
X(0) = ["“’ } (>0, (1)
X20
that s,
x1(t) = kix1(t) — kexa()xa(t),  x1(0) = x10, t>0, (42)
Xo(t) = —ksxa(t) + kox1(H)xa(t),  x2(0) = x20. (43)
[

Vector-Matrix Exponentiation
orx =[x ...x;]" € R9 and nonnegative A = [A;] € RP*,
x” denotes the element of RP whose ith component for

i=1,..., pisthe product xf” ~~-xg‘*’. For example, if

12
2= 3

then

x4 = [X1 X } .
Py

We define 0°2 1. The matrix exponentiation operation
has many convenient properties [21], [S1]. For example, if
A, B € RP*9 then x(4B) = xAxB_|f B c R"*P, then (x*)& =
xBA_ Furthermore, (x o y)* = (x*) o (y*) = xAyA. Note that
xk = x and x~* o (x*) = e. Alternatively, if A€ RP*P then
x o xA = xA~%. Furthermore, if det A0, x >> 0, and
y>>0, then x* =y implies that x = yA'. In addition,
logx” = Alogx and e*"99% = x4, while x* =y implies
Alog x = log y, where, for x = [xq,...,xs]" € (0,00)", logx
denotes the vector in RP whose ith component is log x;.
Finally, if f(x) = xA then f'(x) = diag(x*)A[diag(x)] ', where

. AlX
diag(x1, Xo, ..., Xp) = . .
Xn

For x =[x,...,Xs|' € RP, e denotes the vector in R?
whose ith component is e*. Throughout the article “log”
denotes natural logarithm.
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Example 4

A widely studied reaction network [21] involves the interaction

of a substrate S and an enzyme E to produce a product P by

means of an intermediate species C. The reactions are given by
ky ks

S+E$C—‘>P+E (44)

2

so thats =4 and r = 3. Letting X; =S, Xo = C, X3 = E, and

X4 = P, the corresponding reaction network can be written as

Xy + X3 45 X, (45)
X 2 X1 + Xs, (46)
Xp 2 X5 + X, (47)
It thus follows that A and B are given by
1 010 0100
A=10 1 0 0}, B—[l 0 1 0}. (48)
0100 0 011
Consequently, the kinetic equations have the form
O] eaone
W=\_4; 4 kaxa(t) |,
L0 0 1 kxa(t)
X10
x(0)= ||, t>o0, (49)
X30
L X40
thatis,
X1(t) = koxao(f) — kixi(B)xs(f),  x1(0) =x10, t>0, (50)
1o(t) = —(k2 + ka)xa(t) + kixa ()xs(t),  x2(0) = x20,  (51)
X3(t) = (k2 + ka)xa(t) — kixa(Dxs(f),  x3(0) = x30,  (52)
X4(t) = ksxa(f),  x4(0) = xgo. (53)
[

NONNEGATIVITY OF SOLUTIONS

Since the states of the kinetic equations (22) represent con-
centrations, it is natural to expect that, for nonnegative
initial concentrations, the concentrations remain nonnega-
tive for as long as the solution exists. In this section, we
show that this property holds for the class of essentially
nonnegative systems, and then we show that the kinetic
equations (22) are in fact essentially nonnegative.

Definition 1

Letf =[fi---fu]" : [0,00)" — R". Then f is essentially nonneg-
ative if, for all i=1,...,n, fi(x) > 0 for all x € [0, 00)" such
thatx; = 0, where x; denotes the ith component of x.

It is easy to see that the linear function f(x) = Mx, where
M € R"™", is essentially nonnegative if and only if all of the off-
diagonal entries of M are nonnegative. In this case, we say that
M is essentially nonnegative. In the terminology of [22] it follows
that M is essentially nonnegative if and only if —M is a Z-matrix.
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For the following definitions and results, we consider
the system

() =f(x(®), x(0)=xo, te€[0,Tx), (54)

where f : D — R" is locally Lipschitz, D is an open subset of
R", xo € D, and [0, Ty,), where 0 < Ty, < o0, is the maximal
interval of existence for the solution x( -) of (54). A subset
U C D is invariant with respect to (54) if xy € U implies that
x(t) € U for all t € [0, Ty,). The following technical result is
needed. For this result, B,(x) denotes the open ball centered at
x € R" with radius ¢ > 0.

Lemma 1
Consider the dynamical system (54), and let/ C D be closed
relative to D. Then the following statements are equivalent:
i) For all xel, limy_o-infyey || x+hf (x) —y||/h =0, where
||| denotes the Euclidean vector norm on R".
ii) U is an invariant set with respect to (54).

Proof

Assume that i) holds. To show ii), let xy € U. Since f(-) is
Lipschitz continuous it follows that there exist ¢ > 0 and
L > Osuch that, forall x,y € Ba:(xo),

F () = fF@Il < Lllx = yll.

Let T € [0, Ty,) be such that s(t, x), s(t, y) € Ba.(xo) for all
t€[0,T)and x,y € B:(xo) where s(t, x) € D denotes the solu-
tion to (54) at time f and initial condition x. Now, it follows
from Gronwall’s lemma [23, p. 81] that, for all x,y € B.(xo)
andt € [0,T),

(55)

Is(t, x) = st )| < e[lx — yll.

Next, let t; € [0, T) be such that |[s(t, x9) — xo|| < &/3 for all
t € (0,t1), and define o) 2 dist(s(t, xo), U) 2 inf, ey/||s(t, x0)—
y||. Note that since xy € ¢, it follows that ¢(0) =0 and
o(t) < ||s(t, x0) — x0]| < ¢/3forallt € (0,t1). Now, lett € (0,t)
and y; € U be such that ||s(t, xo) — v:|| — @(f) <&/3. Hence,

(56)

lly: — xoll = lly: — s(t, x0) + s(t, x0) — xo|
< [Is(t, x0) — xol| + [|s(t, x0) — y|l
< [Is(t, x0) — xol| + (f) + ¢/3
< é&.

Now, for all i > 0 such that t +h < #, since ||s(f, x0)—
x|l < ¢/3 < eand |ly; — x| < ¢, it follows from (56) that

o(t+h) = inf [s(¢ + h, xo) —z|
< inf{[ls(t +h, x0) = s(h, y)l + lIs(h, ye) = ye = Bf (o)l
+ |lye + hf(ys) — 2|}
= |Is(t + 1, x0) — s(h, yo) | + lIs(h, ye) — yi — hf (y4) |
+ dist(y; + hf (y:), U)
< eIs(t, x0) — yill + s, ve) — ve — hf (o)

+ dist(y; + hf (vs), U), (57)
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which implies that

h) — 1
D=0 < (S ot + [P
N dist(y: + hf (ve), U)
—
Now, letting 7—07" and using i) yields
limsup 2EEN = 0O o (58)
h—0* h

Next, by Gronwall’s lemma [23, p. 81], it follows from (58)
that, for all t € (0,t), 0 < ¢(t) < eMp(0), and hence, since
¢(0) = 0, it follows that ¢(t) = 0 for all ¢ € (0, t1). Now, since
Xo € U is arbitrary, it follows that, for every 7; > 0 such that
¢(11) =0, there exists h >0 such that ¢(t)=0 for all
t € [t1, 71 + h). Next, letréinf{t > 0: ¢(t) > 0} and suppose,
ad absurdum, that v < Ty,. Since ¢(t) = O forallt € [0, 1), it fol-
lows that t > t; > 0 and, by the definition of 7, ¢(t) = 0 for all
t € [0, 1) or, equivalently, s(f, xp) € U for all t € [0, 7). Hence,
since s(t,xg) = lim;_.-s(t,x) and U is relatively closed w1th
respect to D, it follows that s(t, xp) € U. Therefore, ¢(1) =
which implies that there exists i > 0 such that ¢(t) = 0 for all
t € [t,7 + h), contradicting the definition of 7. Thus, ¢(t) =0
forallt € [0, Ty, ), establishing the result.

Conversely, assume U is an invariant set with respect to
(54) so that, forallxy € Uy and h # 0,

dist(xo + hf (xo), U) < [|s(h, x0) — X0 — hf (xo)|

s(h, xo)

= |n| % — f(x0)

Now, the result follows by letting h—07%. d

The flow-invariant set result given by Lemma 1, which is
proved in [24], uses the fact that the vector field f in (54) is
Lipschitz continuous on D. This result is generalized in [25]

to the case where f is continuous on D and (54) has a unique
right maximally defined solution.

Theorem 1

Suppose that [0,00)" C D. Then [0, 00)" is an invariant set
with respect to (54) if and only if f : D—R" is essentially
nonnegative.

Proof
Suppose f is essentially nonnegative, and let x € [0, 00)". If
x; = 0, then x; + hfij(x) = hfi(x) > 0 for all i > 0, whereas, if
x; > 0, then x; + hf;(x) > 0 for all |h| sufficiently small. Thus,
x + hf(x) € [0,00)" for all h > O sufficiently small, and hence,
limy, o+ infyepo, o0y 1% + Bf (x) — y||/h = 0. It now follows from
Lemma 1 that, with x(0) = x, x(t) € [0,00)" for all t € [0, Ty,)-
Conversely, suppose that [0, c0)" is invariant with respect
to (54). Let x(0) € [0, 00)", letx(¢), t € [0, Ty, ), denote the solu-
tion to (54), and suppose there exists i € {1, ...,n} such that
x;(0) = 0 and f;(x(0)) < 0. Then, since f is continuous, there
exists h > 0 sufficiently small such that fi(x(t)) < 0 for all

t € [0,h). Hence, x;(t) is decreasing on [0, /) and therefore
x(t) ¢ [0,00)" forallt € [0, ), which is a contradiction. a

Proposition 1
Define f: R° — R° by f(x) =(B—A) T(k o x4). Then fis
locally Lipschitz and essentially nonnegative.

Proof
Since f is continuously differentiable it follows that f is locally

Lipschitz. Next, letx € [0, 00)’. Forj € {1,...,s} we have
k1 xTOW1 (A)
fi(x) = [coli(B) — coli(A)]"
kr xrow,(A)

r r
_ Z Bi]‘k,‘xrowi(A) _ ZAijkierWI(A)'
i=1 i=1

Note that the first summation is nonnegative since x is non-
negatlve Next, note that A;kx™" contains the factor
Aqx " Now, to verify Def1n1t10n 1,letx; = 0. If Aq > 0, then
Azjx I = ,](OA’J) =0, while, if A;; = 0, then A,]x
O(xo) = llmxﬁoO(l) = 0. Consequently, the second summa-
tion is zero for all nonnegative Ay;, ..., A, whenever x; = 0.
Thus, f is essentially nonnegative. O

=limy, o

Theorem 2
[0, 00)® is an invariant set with respect to (22).

Proof

The result is an immediate consequence of Theorem 1 and
Proposition 1. |
Corollary 1

Consider the linear kinetic reaction (24), where M =
(B— A)'KA and A has exactly one nonzero entry in each
row. Then f(x) = Mx is essentially nonnegative, and [0, co)°
is an invariant set with respect to (24).

Proof
Since A is nonnegative, K is nonnegative and diagonal, and
A has exactly one nonzero entry in each row, it follows that
ATKA is diagonal. Now, since BTKA is nonnegative it fol-
lows that M is essentially nonnegative, and hence f(x) = Mx
is essentially nonnegative. The invariance of [0,00)° is a
direct consequence of Theorem 2. O
In the linear case f(x) = Mx, where M € R"*" is essentially
nonnegative, Theorem 1 implies the following result [3], [26].
For this special case we provide a separate, self-contained proof.

Proposition 2
Let M € R"™". Then M is essentially nonnegative if and
only if M >> 0 forallt > 0.

Proof
To prove necessity, note that, since M is essentially nonneg-
ative it follows that M, Am + ol is nonnegative, where
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= —min{Myy,...,M,}. Hence, eM* >>0 for all t >0,
and thus eM = ¢=#¢Mst >> 0 for all + > 0. Conversely, sup-
pose eMt >> (0 forallt > 0,and suppose M is not essentially
nonnegative, that is, there exist distinct 7, j such that M;; < 0.
Now, since M = 727 (k1) ' *MF, it follows that

[eMt}ij = (In);j + tM; + o(t),

where o(t)/t — 0 as t — 0. Thus, for i # j, it follows that
[eMt]j]- < 0 for all ¢ sufficiently small, which is a contradic-
tion. Hence, M is essentially nonnegative. O

Example 1, Continued

For the kinetic equations (24) with M given by (31) it can be

seen that M = [f' * ] is essentially nonnegative. The
1 2

exponential of M is given by

1 — ¢~ (atka)t

M =1,
2+ ki + ko

which is nonnegative for all ¢ > 0. Consequently, if x(0) is
nonnegative, then the solution x( - ) of (24) given by x(t) =
eMix(0) is nonnegative for all t > 0. L]

Examples 2,3,4, Continued
It can be seen that the function f for each of these examples
is essentially nonnegative. u

REALIZATION OF MASS-ACTION KINETICS

In this section, we consider the realization problem, which is

concerned with the construction of a reaction network

whose dynamics are given by specified kinetic equations. In

this case, the reaction network is a realization of the kinetic

equations. Note that the polynomial
flx)=> ax (59)

i=0
in the real scalar x is essentially nonnegative if and only if
ag > 0.

Theorem 3

Consider the system (54), where n =1 and f : R — R is an
essentially nonnegative polynomial of degree v of the form
(59). Then there exists a reaction network of the form (10)
withs = 1 and r < v 4 1, and with stoichiometric coefficient
matrices A and B having nonnegative integer entries such

that f(x) = (B — A) (k o x%).

Proof
Fori=1,...,v,define A,B,and k € [0,00)" ! as

A

Ai2i, BiE(i+signa), k2al, (60)

where sign 0 2. Note that A >> 0 and, since ay > 0, it fol-
lows that B >> 0. Then the dynamics of the reaction net-
work (10) are given by the kinetic equation
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() = (B — A)" (k o x*(t)

= z‘: (Bi — Ai)k,'xAl ®)
i=0

= Z (sign a;)|a;|x' (t)
i=0

= Z‘: ax' (t)
i=0

= f(x(t)).

Hence, (10) is a realization of (22), where f is given by (59). O

To demonstrate Theorem 3, let v = 3. Then a realization
of x1(t) = azx3(t) + axx3(t) + ayx1(t) + ag is given by the reac-
tion network

02Xy, (61)
X1 (1 4 sign anxa, (62)
2x; L (2 + sign a)X1, (63)
3%, 2L 3 4 sign a3)X;, (64)

where we follow the convention that any reaction with rate
constant zero is removed from the network to avoid trivial
reactions of the form aX; 9, bXj.

If n > 2 and f is an essentially nonnegative multivariate
polynomial in xy, . .., x,, then there does not necessarily exist
a reaction network such that f(x) = (B — A)"(k o x*). For
example, consider the case n = 2 and the dynamic equations

x1(H) = x5(t) — 250 +x5(t), x1(0) =x10, t>0, (65)
() =0, x2(0) = x0. (66)
Then

2 0.3 .4
flx1,x) = {xz 232 + xz]

is essentially nonnegative. However, (65), (66) cannot be real-
ized as a reaction network. To see this, suppose that (65), (66)
are the kinetic equations for a reaction network of r reactions
involving the species X; and X». Since f( -, -) is independent
of xy, it follows that the reaction network must have the form

ﬂiszbi)Q +ciXo, (67)
where a;, b;, and ¢; are nonnegative integers and k; > 0 for
alli=1,...,r. Now, it follows from the law of mass action
that the kinetic equations for (67) are given by

xi(t) = ib,—kfxg’(t), x1(0) = x10, t>0, (68)
i=1

() =Y (o —akig (H), x2(0) = xx. (69)
i=1

Comparing (65) with (68), it follows that a; € {2,3,4}
for all i=1,...,r. Furthermore, >, p biki = —2, where
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REA {ie{1,...,r}:a; =3}, which is a contradiction since
b; >0andk; >0foralli=1,...,r

Next, we present a necessary and sufficient condition
that guarantees a reaction network realization such that
f) = (B = A) (kox?).

Theorem 4

Consider the system (54), wheren > land f : R" — R" is a
multivariate polynomial. Then there exists a reaction net-
work of the form (10) with such that
flx)=(B- A)T(k o x*), where the stoichiometric coefficient
matrices A and B have nonnegative integer entries, if and
onlyif foreachj € {1,...,n},fi(x1,x2,...,%-1,0,Xj51,...,Xn)
is a multivariate polynomial with nonnegative coefficients.

Ss=n

Proof
To prove sufficiency, letj e {1,...,
is a sum of terms either of the form

n}. By assumption, f;(x)

pi b2 P AP

ajxy Xy X X (70)

wherep; > Oforalli =1,...,nand p; > 0, or of the form

2 ARRRE (RS (71)
with b; > 0. Next, note that the reaction
n \ﬂ]\ . n
Epixi — (pj + sign a)X; + Z piXi, (72)

i—1 i=1,ij

contributes the term (70) to x; and no terms to x; for all

i=1,...,nsuchthati # j. Similarly, the reaction

n

Zn:%Xi L X+ Z q:Xi,

i=1 i=1,i#]

(73)

contributes the term (71) to the rate of x; and zero terms to
i foralli=1,...,n,i#j. Hence, for all j=1,...,n, each
term of f;(x) can be realized as a valid reaction which estab-
lishes sufficiency.

To prove necessity, letx € [0, 00)® and letj € {1, ...

Z (Bij —

Let Xj =0. If A,‘]' >0, then xo%ild) and hence (Bij —A,‘]‘)
kixrowid) = 0, whereas, if Ajj = 0, then

,s}.Then

1]) k xrow, )

fitx) =

AN TOWi(A) 15 paAn A 0A1(1+1.,, in
(Bij — Ajkix 7xjhir(1)+ Bijkix; A xlhin,

Hence,
i Al
f](x) ZBUk . ]7(4 1) ]+(/1 D x:;lm,
161’
where 7; EX {ie{1,...,r}: Aj =0}, establishing the result. [

REDUCIBILITY OF THE KINETIC EQUATIONS

In this section, we provide a technique for reducing the num-
ber of kinetic equations needed to model the dynamics of the
reaction network (10). The reduced-order kinetic equations
model a subset of the species appearing in the original reaction
network. This technique is based on the fact that, while x(t),
t >0, is confined to the nonnegative orthant for nonnegative
initial conditions, the structure of the kinetic equations (22)
impose an additional constraint on the allowable trajectories.
To state this result we define the stoichiometric subspace S by
S= R((B A)T), which is a subspace of R®. The dimension of
this subspace is given by g —rank((B A" = rank(B — A),
which is the rank of the reaction network. Note that
g < min{r, s}. The following result shows that the solution of
the kinetic equations (22) is confined to an affine subspace that
is parallel to the stoichiometric subspace. For convenience, we
let P € R°** denote the umque orthogonal projector whose
range is S, and define P —I — P. In terms of the generahzed
inverse (-)", P is given by P=(B-A)'[(B-A)']" =
(B — A)*(B — A). Note that, if z € R®, then Pz = z if and only if
z € §,and therefore P, z = Oifand only if z € S.

Proposition 3
Suppose x(0) € [0,00)°. Then, forall t € [0, T))
x( - ) of (22) satisfies

, the solution

x(t) € (x(0) + S) N [0, c0)°. (74)
Proof

It follows from Proposition 1 that, for all t € [0, Tx()), x(t) is
confined to the nonnegative orthant. To show that x(t) €
x(0) + S for all € [0,T (), note that ¥(t) €S for all t€[0, Tx()),
which implies that d/dtP,[x(t)—x(0)]= P, x(t)=0 for all
te[0,Ty))- Hence, P [x(t)—x(0)] is constant for all £ € [0, T ().
Thus, for all t€[0,Ty)), it follows that P, [x(t)—x(0)]=
P [x(0)—x(0)]=0, and hence, x(t)— x(0) €S, as required. [

Corollary 2
Suppose x(0) € [0, 00)°. Then (x(0) + S) N
ant set with respect to (22).

[0, o)’ is an invari-

Proof

Let %(0) € (x(0) + S) N [0,00)° so that x(0) = x(0)+ w, where
w € S, and let X(-) denote the corresponding solution to
(22). Then, since (0) € [0, o)’ it follows from Proposition 3
that, forall t € [0, Tx)),

x(t) € (#(0) + S) N [0, )’
= (¥(0) + w +8) N [0, 00)’
= (x(0) +S) N [0, )",

establishing the invariance. O

Proposition 3 shows that the solution x( - ) of the kinetic
equations (22) is confined to the stoichiometric compatibility
class (x(0) + 8) N [0, 00)*, which is a g-dimensional manifold
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with boundary. (The set (x(0)+ S)N(0,00)° is a positive
stoichiometric compatibility class.) This fact suggests that the
dynamics of the reaction network can be represented by a
set of g species. In fact, the following result shows that, if
g < s, then the number of species can be reduced from s to g.
Since g < min{r, s}, this reduction is always possible when
r < s. For convenience, the following result assumes that
the species x1, ...,x; are labeled such that the first g col-
umns of B — A are linearly independent.

Proposition 4

Assume that g < s. Furthermore, partition A = [A; A,] and
B=[B; By, where Aj,B; € R™7, and assume that
rank(B; — A;) =g. In addition, let F ¢ R (=) satisfy
Ay — By = (A; — By)F. Finally, partition x = [#] i]]", where
X =[x -xq]T and X, EX [Xg41-- ~x5]T. Then

Xo(t) = FT1(t) + 79, %2(0) =&, t>0, (75)
where 72 %,(0) — FT%1(0) € R*, and &;( - ) satisfies
() = By — Ak o 1 () o (FT21(t) + 7)™,

x1(0) = X190, t>0. (76)

Proof

Left multiplying (22) by [FT — I,_,] yields xa(t) = FTx;(t),
which implies (75). Next, note that il(t) = (B1 —A)'
[k o xA(t)] = (By — A1) [k o " (t) 0 X52(#)], which, with (75),
yields (76). t

Example 1, Continued

Note that s=2, r=2, and g=1<s, and thus Proposition 4
can be applied with F=—1. It thus follows that x,(t)=
—x1(t)+y for all t>0, where yéxl(O) +x2(0). Applying
Proposition 4 with X; =x; and X, =x,, (76) yields the scalar

kinetic equation
X1 (t) = — (k1 +ka)x1(t) +kap, x1(0) =210, t>0, 77)

which is essentially nonnegative. A reduced reaction net-
work realization for this kinetic equation is given by

02 x,, (78)
x; "% o, (79)
for whichg=s=1andr =2. [

Example 2, Continued

Note thats = 2,7 =2,and g = 1 < s, and thus Proposition 4
can be applied with F=-1. It thus follows that
xo(t) = —x1(t) +y for all t>0, where y éx1 (0) + x2(0).
Applying Proposition 4 with 1 = x; and X, = xy, (76) yields
the scalar kinetic equation

x1(t) = — (ki +k)x3(t) + kipxa(t), x1(0) = x10, £ >0, (80)

which is essentially nonnegative. A reaction network real-
ization for this reduced-order kinetic equation is given by

68 IEEE CONTROL SYSTEMS MAGAZINE » AUGUST 2009

X; 2% 2%, (81)
2 8 x, 82)
forwhichg=s=1andr=2. L

Example 3, Continued
Note that s =2, r = 3, and g = 2 = 5, and thus reduction is
not possible. (]

Example 4, Continued

Note that s =4, r =3, and g =2 < s, and thus Proposition 4
can be applied with F = Lg :11] Tt thus follows that x3(t) =
—x2(t) + 71 and x4(f) = —x1(£)— x2(t) + p, for all £ > 0, where
71 212(0) +x3(0) and 7,2 x1(0) +x2(0) +x4(0). Applying
Proposition 4 with 1 = [x4 xz}T and X, = [x3 x4}T, (76) yields

x1(H) = —kyppxa(t) + koxo(t) + kyxq (H)x2(t), x1(0) = x10, t >0,
(83)

x2(0) = x20,
(84)

() = kiprxa (f) — (ko + ka)xa(f) — krxa (B)xa(t),

which is essentially nonnegative. The dynamics of the sys-
tem (83) and (84) are discussed in [21] and the references
given therein. A reaction network realization for these
reduced-order kinetic equations are given by

ki

X1 — Xz, (85)

X, 22 x, (86)

X, 420, 87)

X; + Xp 252X, 88)

for whichg=s=2andr =4. |

Example 4, Continued

We now show that not every reduced-order kinetic equation
can be realized as a reaction network. For convenience, we rela-
bel the species of Example 4 as X; =S, X, =P, X3 =C, and
Xy = E. The reaction network (45)—(46) can now be written as

X1+ X, A, X3, (89)
X5 2 X + Xy, (90)
X3 5, X4+ Xo, 91)

whose kinetic equations are
x1(t) = —kixi (Hxa(t) + koxs(t), x1(0) =x10, t>0,  (92)
Xo(t) = kaxa(t), x2(0) = x20, (93)
x3(t) = kyxr (Hxa(t) — (k2 + k2)xs(t),  x3(0) = x30, (94)
Xy(t) = —kix1 ()xa(t) + (k2 +k2)xz(t),  x4(0) = xy0. (95)

Since s =4, r =3, and g =2 <s, Proposition 4 can be
applied with % = [x; )7, % = [x3 x4)", and F = [j ﬂ It
thus follows that x3(t) = —x1(t) — x2(f) +9; and x4(t) =
x1(f) + x2(f) + p, for all t > 0, where y; EX x1(0) + x2(0) + x3(0)
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and v, 4 x4(0) — x1(0) — x2(0). By applying Proposition 4, it
follows from (76) that

21(8) = —kixi(t) — ki (Oxa(t) = (kiyy + k2)xa ()
—koxo(t) + k2y1, x1(0) =x10, t2>0,
X’z(t) = —k3x1(t) — k3.X2(t) + k3”/1, .XZ(O) = X0,

(96)
97)

which have nonnegative solutions as long as the initial condi-
tions coincide with the initial conditions of the original kinetic
equations (92)—+95). However, due to the terms —k,x, and
—k3x1,(96), (97) are not essentially nonnegative, and hence, there
exist initial conditions such that solutions become negative.
Therefore, (96), (97) are not realizable by a reaction network. ®

The following result presents conditions that guarantee
nonnegativity of the solutions to the reduced-order kinetic
equations (76).

Proposition 5

Assume that g < s. Furthermore, partition A = [A; A,] and
B = [B; By], where Ay, By € R"*7, and assume that rank(B; —
A1) =q. In addition, let Fe RI* -0 satisfy Ar — By =
(Ay — By)F. Finally, partition x=[xT 1", where &, £ [x; exg]”
and J%zé[xqﬂmxs]T. Then, for all %;(0)€[0,00)7 and yeR*1
such that y-+FT%;(0)€[0,00)° "7, the solution ;(t) to (76) is
nonnegative for all £ >0.

Proof

With %,(0) = y + FT%;(0), it follows from Proposition 4 that
the solution to (22) is given by [T (t) #1(t)]" for all t >0,
where X,(t) is given by (75). Hence, since x1(0) >> 0 and
%2(0) >> 0, it follows that X1 (t) >> O forallt > 0. O

STABILITY ANALYSIS

We now consider the stability of equilibria of the kinetic equa-
tions (22). First, we define several notions of stability for the
system (54), where f : D — R" is locally Lipschitz continuous
on D and D C R" is open. Note that, since f( -) is Lipschitz
continuous, it follows that, for all xy € D, (54) has a unique
solution on the maximum interval of existence [0, Ty,). If
X. € D satisfies f(x) = 0, then x, is an equilibrium of (54).

Definition 2

LetU/ C Dbe invariant with respect to (54), and let x. € U be
an equilibrium of (54). Then x. is Lyapunov stable with
respect to U if, for every relatively open subset ¢/, of U con-
taining x. there exists a relatively open subset U of U/ con-
taining x. such that, if x(0) € Us, then the solution x( -) of
(54) satisfies x(t) € U, for all t € [0, 00). Furthermore, x. is
semistable with respect to U if x. is Lyapunov stable with
respect to U and there exists a relatively open neighborhood
U, CU of xe such that, for every x(0) € U, lim;_.x(t) is a
Lypunov stable equilibrium with respect to ¢/. In addition,
X, is asymptotically stable with respect to U if x. is Lyapunov
stable with respect to ¢/ and there exists a relatively open
subset U; of U containing x. such that, if x(0) € U;, then

lim; oo x(t) = x.. Finally, x. is globally asymptotically stable with
respect to U if the previous statement holds with ¢/s = U.
Next, we define equilibria for the kinetic equations (22).

Definition 3

Avector x, € [0, 00)" satisfying
(B—A)(kox?)=0 (98)

is an equilibrium of (22). If, in addition, x. € (0, 00)®, then x,

is a positive equilibrium of (22).

Let £ denote the set of equilibria of (22), and let £, C &
denote the set of positive equilibria of (22). The following
result can be used to obtain additional equilibria from
known equilibria.

Proposition 6
Let z € N(A) and let 1 € (0,00). If x. € £, then 2*ox. € £.
Furthermore, if x. € £, then " ox, € £.

Proof
Note that
(B— A)'K(¥* o xo) = (B— A)'K(()" 0 x0)
= (B—A)'K(@* oxl)
= (B — A)'Kx.
The proof for the case x. € £, is identical. O

Note that if x. is an equilibrium but not a positive equilib-
rium, then at least one of the species has zero concentration
for this solution. Furthermore, it can be seen that x, = 0 is an
equilibrium of (22) if and only if (22) has no reaction of the
form 0 — C, where C is a nonzero product and k > 0.

Example 1, Continued
For this example £ = {(x1,x2) € [0,00)2 cxp = (k1 /kp)x1}.

Example 2, Continued
For this example £ = {(x1,x2) € [0, oo)2 :x1=0orx =(kp/
k1)x1}. For the reduced system (80) £ = {0, k1y/(k1 +kp)}. ®

Example 3, Continued
For this example € = {(0,0), (k3 /kz, k1 /k2) }. |

Example 4, Continued
For this example & = {(x1,x2,x3,x4) € [0, oo)4 :x, = 0 and
x1x3 = 0}. For the reduced system (83), (84), if y; = x2(0)+
x3(0) > 0, then & = {(0,0)}, whereas, if y; = x2(0) + x3(0) =
0, then & = {(x1,0) : x1 > 0}. n
Next we analyze the stability of equilibria of the kinetic
equations (22) by means of Lyapunov methods. The follow-
ing standard result [23, p. 193] concerns Lyapunov and
asymptotic stability.

Theorem 5
Let & C D be invariant with respect to (54), and let
Xe € U satisfy f(x.) =0. Let V: U — R be a continuously
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Because of physical considerations, mass-action kinetics
have special properties, such as nonnegative solutions,
that are useful for analyzing their behavior.

differentiable function and assume that V(x.) =0, V(x) > 0
for all x € U\{x.}, and V(x) 2 V'(x)f(x) <0 for all x € U.
Then x. is Lyapunov stable with respect to ¢/. If, in addition,
V(x) < 0 for all x € U\{x.}, then x, is asymptotically stable
with respect to U. Finally, if V is proper, that is, V=1(K) is
relatively compact with respect to D for all compact subsets
K of B, and V(x) < 0 for all x € U\{x.}, then x, is globally
asymptotically stable with respect to /.

Note that if &/ = [0, 00)®, then V is proper if and only if V
is radially unbounded. The following result given in [17]
provides a sufficient condition for semistability.

Theorem 6

Assume that!/ C D is closed and invariant with respect to (54),
and suppose that every trajectory with x(0) € U of (54) is
bounded. Furthermore, let V : ¢/ — R be a continuously differ-
entiable function such that V(x) < 0 forall x € U. Finally, let M
denote the largest invariant subset of {x € U/ : V(x) = 0}. If
every element of M is a Lyapunov stable equilibrium with
respect to{, then every solution to (54) with x(0) € U converges
to an equilibrium that is semistable with respect to /.

STABILITY OF LINEAR KINETICS
First we consider the linear case, that is, the case in which
(54) is of the form

x(t) = Mx(t), 99)

where M € R"*". In this case, the following results hold. An
equilibrium x, of (99) is Lyapunov stable (respectively, semi-
stable) if and only if every equilibrium x. of (99) is Lyapunov
stable (respectively, semistable). Furthermore, if an equilib-

x(0) = xo, t>0,

rium of (99) is asymptotically stable, then x. = 0. Thus, all
three types of stability can be characterized independently of
the equilibrium. Specifically, the equilibrium x. = 0 of (99) is
asymptotically stable if and only if every eigenvalue of M has
negative real part; an equilibrium x. of (99) is semistable if
and only if every eigenvalue of M has negative real part or is
zero and, if M is singular, the zero eigenvalue is semisimple;
and an equilibrium x. of (99) is Lyapunov stable if and only if
every eigenvalue of M has nonpositive real part and every
eigenvalue with zero real part is semisimple [27, pp. 437, 438].

Now, we specialize the above results to (24) with M given
by (25). The following result follows from results given in
[22, pp. 135, 136, 153-155]. However, we provide proofs
based on Theorem 5 and Theorem 6. For these proofs we con-
struct a linear Lyapunov function that can be interpreted as
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the mass of the system. To do this, let 4; >0,i=1,...,s,
denote the molecular mass of the ith species, and define
,ué g+ ,uS]T. Then the function V(x) = u"x represents the
total mass of the system. Note that arbitrary constants x; > 0
can be used, and thus “mass” need not be interpreted liter-
ally. Note that V is a positive-definite function with respect
to [0, o0)°. We note that the following result makes no use of
the structure of M except that it is essentially nonnegative.
For the proof of this result, recall that —M is an M-matrix if
and only if —M is a Z-matrix and every eigenvalue of M has
nonnegative real part [5, Definition 2.10].

Proposition 7

Consider the following statements:
i) There exists u >> 0 such that MTu << 0.
ii) M is Lyapunov stable.

iii) M is semistable.

iv) There exists u >> 0 such that 4 # 0 and MTu << 0.
Then i) implies ii), ii) is equivalent to iii), and iii) implies iv).
Furthermore, the following statements are equivalent:

v) M is asymptotically stable.
vi) There exists u >> 0 such that MTu << 0
vii) There exists u >> 0 such that MTu << 0.

Proof

Define V(x)2 uTx so that V(0) =0 and V(x) >0 for all
x € [0,00)°\{0}. Furthermore, V(x)=u"Mx <0 for all
x € [0, 00)*, which proves that i) implies ii). The equivalence
of ii) and iii) follows from [28, Thrm. 3.2]. To show that iii)
implies iv), note that since M is semistable it follows that
—MT is an M-matrix. Hence, it follows from [29, p- 119] that
there exist a scalar o« > 0 and a nonnegative matrix Q >> 0
such that « > p(Q) and M™ = Q — al,. Now, since Q >> 0, it
follows from [22, Thrm. 1.1] that p(Q) € spec(Q), and hence,
there exists ¢ >> 0 such that ¢ # 0 and Qu = p(Q)u. Thus,
M= Qu—au=(p(Q) — o)u << 0, which proves that
there exists u >> 0 such that u # 0and MTu << 0.

To show the equivalence of v)-vii), first suppose there
exists y >> 0 such that MTu << 0. Now, there exists suffi-
ciently small &¢>0 such that M'(u+¢e) <<0 and
1+ ce >> 0, where e EX 1,1,..., 1}T, which proves that vii)
implies vi). Since vi) implies vii), it follows that vi) and vii)
are equivalent. Now, suppose vi) holds, that is, there exists
i >> 0 such that MTy << 0, and consider the Lyapunov
candidate V(x) = u'x, where x € [0,00)’. Computing the
Lyapunov derivative yields V(x) = u"Mx < 0 for all x €
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[0,00)*\{0}, and hence it follows that M is asymptotically
stable. Thus, vi) implies v). Next, suppose that M is asymp-
totically stable. Hence, —M~T >> 0, and thus, for every
r€(0,00)°, it follows that u A My >>0 satisfies
M" i << 0, which proves that v) implies vii). a

Example 1, Continued
Choosing = [1/k; 1/kz]" >> 0, it follows that My = 0.
Hence, M is semistable. ]

STABILITY OF NONLINEAR KINETICS

The following the Lyapunov function
V(x) = ux to analyze the stability of the zero solution of
(22). Recall that x, = 01is an equilibrium of (22) if and only if
Ahas no zero rows, that is, if and only if 0 is not a reactant of
the reaction network (10).

result uses

Proposition 8

Assume that x. = 0 is an equilibrium of (22) and suppose
there exists u >> 0 such that By << Apu. Then x, is Lyapu-
nov stable with respect to [0, c0)®. If, in addition, Bu << Ap,
then x. is globally asymptotically stable with respect to
[0, 0)°.

Proof

Define V/(x) 3 uTx so that V(0) =0 and V(x) >0 for all
x € [0,00)°\{0}. Since (B—A)u<<0, it follows that
V(x) = u"(B—A)T(kox?) <0 for all x e [0,)". Hence,
Theorem 5 implies that x. =0 is Lyapunov stable with
respect to [0,00)’. Now suppose that Bu << Ap. Then
V(x) < 0 for all x € [0, 00)*\{0}. Since V is proper, it follows
from Theorem 5 that x. = 01is globally asymptotically stable
with respect to [0, c0)°. a

Example 1, Continued

Let u=[1/ky 1/k;]" so that (A — B)u=0. It thus follows
from Proposition 8 that x. = 0 is Lyapunov stable. Since the
kinetic equations are linear it follows from Proposition 7
that M is both Lyapunov stable and semistable. L

Example 2, Continued

First note that, because of the structure of the set of equili-
bria, none of the equilibria are asymptotically stable. Next,
we consider an equilibrium x. of the form (0,¢), where
& > 0. By linearizing the system about this equilibrium, it
can be seen that this equilibrium is not Lyapunov stable.
Hence, it remains to determine the stability of an equilib-
rium of the form (9, k,0/k;), where 6 > 0. To do this, let U be
the closed set U2 {(x1,x2) € [0,oc)2 : xp —ax; < 0}, where
a > ky/ky. Note that U is invariant since (d/dt)(x; — axy) is
negative on the set {(x1,x2) : x» = axy,xp, > 0}, while the
point (0,0) is an equilibrium. Note that all of the equilibria
contained in U are of the form (6, k26 /k1).

Next, define the Lyapunov candidate V : f — Rby

Vis(x) = %(x1 — 0+ x0 —kyd /K1) + %(klxz —kpx1)®. (100)
Then, for all 6 >0, it follows that V;(d,k0/k1) =0 and
Vs(x) > 0 for all x € U\{(8,k20/k1)}. Since V(x) = —(k; + k2)
x1(k1xp — kle)2 < Oforall x € U, it follows that the equilibrium
(0,k20/kq) is Lyapunov stable with respect to ¢/ for all 6 > 0.
Finally, to show semistability, define U(x) = x; + x2, which sat-
isfies U(0) = 0, U(x) > 0 for all x € \{0}, and U(x) = 0 for
all x € U. Hence, every trajectory in U/ is bounded. Next, note
that V;1(0) = f~1(0), which shows that V;(0) is an invariant
set. Thus, the largest invariant set M contained in Vgl(O) nu
is the set of equilibria {(J,k20/k1) : 6 > 0}, all of which are
Lyapunov stable. Hence, by Theorem 6, the kinetic equations
are semistable with respect to /. ]

Example 3, Continued

By linearizing the kinetic equations about the origin, it can
be seen that the origin is not Lyapunov stable. To analyze
the stability of the equilibrium x. = (ks /kz, k1/k2), consider,
as in [30, p. 115], the function U : (0, c>o)2 — R defined by
Ll(x) = kz(xl + Xz) — k3 Inx; —k; Inx,, which satisfies
U(x) = 0 for all x € (0, 00)2. It can be seen from the form of
the gradient and the Hessian of U that x = x, is an isolated
local minimizer of U. Hence V(x) = U(x) — U(x.) satisfies
V(xe) =0 and V(x) > 0 for all x € D\{x.}, where D is an
open neighborhood of x.. Hence, the equilibrium x, =
(k3/ko, k1/ky) is Lyapunov stable with respect to (0, oo)z.
Since the solutions consist of closed orbits [30], this equilib-
rium is not semistable. ]

Example 4, Continued

For this example let u =121 1]" >> 0 so that (A — B)u =
0. It thus follows from Proposition 8 that x. = 0is Lyapunov
stable with respect to [0, oo)4. For the reduced kinetic equa-
tions (83), (84), with x,(0) + x3(0) > 0, it follows that x; =
Xp = 0 is the only equilibrium. Now, consider the radially
unbounded Lyapunov function V(x1,x2)=(1/2)ksx3 +(1/2)
kiy1(x1+x2)%. Since V(x1,%)<0 for all x;,x>0, global
asymptotic stability follows from the invariant set theorem. ®

THE ZERO DEFICIENCY THEOREM

In this section, we analyze the stability of positive equilibria of
the kinetic equations (22) using the zero deficiency theorem
[19], [20]. This result provides a sufficient condition for Lyapu-
nov stability and semistability based on the structure of the
reaction network and independent of the value of the rate con-
stants. The following definitions are required. A complex is
either a reactant or a product. For example, in Example 3, the
complexes include the reactants Xj, X; + X,, and X, as well
as the products 2X;, 2X5, and 0. Let m > 1 denote the number
of distinct complexes of the reaction network (including the
reactant or product zero if present), and denote the complexes
by their corresponding vectors ci,...,c, of stoichiometric
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coefficients. Obviously, m < 2r. We can identify each complex
with a row of A or B so that ¢; € R *%. Thus, m is the number
of distinct rows of [‘g]. In examples 1, 2, 3, 4 the number of
complexes is 2, 2, 6, and 3, respectively. In particular, Example
4 involves the complexes ¢1 =[1010], ¢ =[0100], and
c3=1[0011] corresponding to S+ E, C, and P + E, respec-
tively. Fo}{ the following definition, “c; — ¢;”” denotes the reac-
tion ¢; X —'>ch, where we assume k; > 0. Recall that reactions
of the form ¢ — ¢ are not allowed.

It is useful to represent the reaction network by a
directed graph. Consider a directed graph € having m verti-
ces and r edges such that the ith vertex represents the com-
plex c;, and there exists a directed edge from vertex i to
vertex j if and only if the reaction network contains the reac-
tion ¢; — ¢;. Each edge of € is numbered according to the
reaction that it represents.

Definition 4

Let ¢; and ¢; be complexes of the reaction network (10). Then
ci and ¢; are directly linked if either ¢; — c; or ¢; — c;. Further-
more, c; and c; are indirectly linked if there exist complexes
Ciy, - - -, Ci, such that ¢; is directly linked to c;;, ¢;, is directly
linked to c;,, ..., ¢;, is directly linked to ¢;. Finally, ¢; and ¢;
are linked if either c; and ¢; are directly linked or ¢; and c; are
indirectly linked.

The statement that complexes ¢; and c; are linked is an
equivalence relation on the set of complexes. This relation
induces a partitioning of the set of complexes into disjoint link-
age classes. These linkage classes are the connected components
of €. Let ¢ denote the number of linkage classes of €, and
denote these linkage classes by Cy, ...,C;. Since the reactant
and product in each reaction belong to the same linkage class,
it follows that ¢ < r. Furthermore, since each linkage class of €
contains at least two complexes it follows that ¢ < m1/2.

As noted in the section “Reducibility of the Kinetic Equa-
tions,” the rank g = rank(B — A) of the reaction network (22)
satisfies g < min{r,s}. The following result provides a
bound for g that is sometimes better. Some additional nota-
tion is needed. Fori =1, ..., 7, let m; denote the number of
complexes in C; so that Zf;l m; = m. Furthermore, for
convenience we order the complexes ci,...,c, so that
Ci=A{c,---,cm}, Co={cm+1,---,Cm}, and so forth. Next,
we reorder the reactions so that the first r; rows of [A B]
include the complexes in C1, rows ¥ +1,...,1r1 +1, of [A B]
include the complexes in C,, and so forth. Hence, Zf;l =7
Fori=1,...,¢, define the rank g; of the linkage class C; to be
the number of linearly independent rows in the submatrix of
B — A comprised of the rows of [A B] corresponding to the
complexes in C;. Note that g < Zle gi.Fori=1,...,¢ itcan
be seen that m; <r;+1, and thus m <r+ £ If g; =m; — 1,
then the linkage class C; has full rank.

Lemma 2

Leti € {1,...,¢}. Theng; < m; — 1. Furthermore, q; = m; — 1
if and only if the complexes in C; are the vertices of an
(m; — 1)-dimensional simplex in [0, co)®.
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Proof

For notational convenience, let i =1 and order the first
my — 1 reactions so that, for j =1,...,m; — 1, the jth reac-
tion is either ¢; — ¢j1 or ¢j1 — ¢;. The span of the first 1,
rows of B— A is thus equal to the span of {c; —¢cy,...,
Cmy — Cmy—1 }- Furthermore, since C; is a linkage class, it fol-
lows that rows m; +1,...,r; of B— A are contained in the
span of the first m; rows of B — A. Thus, g1 < my — 1.

Next, note that the span of {¢; — c1, ..., Cpy — Ciy—1} iSequal
to the span of {c; — ¢1,¢c3 —¢1, ..., Cmy — €1}, which has dimen-
sion m; — 1 if and only if the complexes in C; are the vertices of
an (m; — 1)-dimensional simplex in [0, 00)® [31, pp. 7, 12]. |

In the terminology of [31], an affine subspace is the trans-
late of a subspace. Furthermore, the affine hull of a set S is
the smallest affine subspace that contains S. It can be seen
that C; has full rank if and only if the subspace parallel to the
affine hull of C; has dimension m; — 1.

Proposition 9
g<m—/{.

Proof
As noted above, < 3", g;, while Lemma 2 implies that
gi <m;—1. Therefore, g < Zf:l gi < Zle (mi—1)=m—¢. O

Definition 5
The deficiency 6 of the reaction network (10) is
SEm—t—q. (101)
It follows from Proposition 9 that the deficiency of a reac-
tion network is a nonnegative integer. If the deficiency of a
reaction network is zero, then the reaction network has zero
deficiency. It can be seen that a reaction network has defi-
ciency zero if and only if i) every linkage class has full rank,
and ii) for every pair C;,C; of distinct linkage classes, the
subspaces parallel to the affine hulls of the linkage classes
Ci, Cj have trivial intersection.

Example 1, Continued
For this reactionnetwork,m =2,¢=1,g=1,and thusd=0. =

Example 2, Continued
For this reactionnetwork,m =2,¢=1,g=1,and thusd=0. =

Example 3, Continued
For this reaction network, m =6,{=3,qg=2,and thusé=1. ®

Example 4, Continued

For this reaction network, m =3,{=1,g=2,and thus6 =0. =
Now define the matrix C € R"*° whose rows are ci, ..., Cy.

Furthermore, let A, B € R"™*" be the matrices whose rows are

unit coordinate vectors in R™ and that satisfy

A=AC, B=BC. (102)
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To derive the dynamics of the reaction network,
we invoke the law of mass action.

It follows that

B—A=(B-AC. (103)

Note that

N ((B - A)T) CN((B-A)"). (104)

Next, observe that Aij = 1if and only if the complex ¢; is
the reactant of the ith reaction, that is, if and only if the ith
edge of € originates from vertex j. Similarly, B,-j =1lifand
only if the ith edge of € terminates at vertex j. Consequently,
the matrix (3 — A)T is the incidence matrix of the directed
graph € (see [32, p. 24]).

The following result gives some properties of B — Aand
shows that the reverse inclusion of (104) holds if § = 0.

Proposition 10
The following statements hold:
i) rank(B A) m— /.
ii) 0 = dim[R((B — A)") N N(CT)].
iii) If u € R°, then e = Ae“* and eB# = BeCr.
iv) 0 =0 if and only if V(B —A)") = N((B-A)").

Proof
Statement i) follows from the fact that the rank of the inci-
dence matrix of a directed graph € is equal to the difference
between the number of vertices and the number of connected
components of € [32, Proposition 4.3]. Here, we provide a
self-contained proof. Consider the rows of B —A corre-
sponding to C;. As in the proof of Lemma 2 we order the first
mi — 1 reactions so that, for j=1,...,m; —1, the jth reaction is
either ¢; — ¢j;1 or cj;1 — ;. Therefore, for j=1,...,m; —1, the
jthrow of B — A is either ¢; —e¢;j 1 or ¢j;1 —ej, where ¢; denotes
the jth unit coordinate vector in R™. Thus, the first r; rows of
B— A have rank m; —1. Using a similar argument for each
linkage class and noting that rows of B-A corresponding to
different linkage classes are linearly independent, it follows
that rank(B — 12\) = Ele (mi—1)=m—~¢.

Next, to prove ii) it follows from Sylvester’s theorem (see
[27, Fact 2.10.13]) that

g = rank(B — A)
— rank (CT(B - A)T)
— rank ((B - A)T) — dim (R ((B - A)T) N /\/(CT))
—m - dim(R<(B - A)T) mN(cT)).

To prove iii), letj e{1,. r} Aj = row;(A), B; = row;(B),
A, = row,(A) and B = row](A) Now since each row of B
corresponds to a unique row of C, it follows that B; = row,(C)
for some k; € {1,...,m}. Hence, B; —BC where B]k =1,
k= kj,andB]-k =0, k;é k;. Thus,

eBit — eBiCr — Bje“r.

Similarly, we can show that A].eCu = Ak,
To prove iv), assume that 6 = 0 and note that

rank((B — A)") + dim (N ((B — A)")) =r
and
rank((B - A)T) +dim (N((B - A)T)) _—

Since 8 =0, it follows from i) that rank((B — A)?) = q=

— ¢ =rank(B — A), and thus dim(N((B —A)")) = dim
(N((B — A)N). Since N ((B —A)T) C N(B—A)") it follows
that N'((B — A)T) = N((B — A)"). The converse follows by
reversing the steps. |

Definition 6
Let ¢; and ¢; be complexes. Then there exists a direct path
from ¢; to ¢; if ¢; — ¢;. Furthermore, there exists an indirect
path from c; to ¢; if there exist complexesc;,, ..., Ci, such that
-+ — ¢j, — ¢j. Finally, there exists a path
from ; to ¢; if there exists either a direct path or an indirect
path from c; to ;.

Note that the existence of a path from ¢; to ¢; is stronger
than the statement that c; and ¢; are linked since the former
condition accounts for the directionality of the reactions.

¢ — ¢y — Cj, —

Definition 7
The reaction network (10) is weakly reversible if, for all pairs
of complexes c;,cj, the existence of a path from c¢; to ¢;
implies the existence of a path from ¢; to c;.

Note that the existence of a path from ¢; to ¢; is equivalent
to the existence of a directed path from vertex i to vertex j
on the graph €. Consequently, weak reversibility is equiva-
lent to the requirement that every vertex or, equivalently,
every edge of € must be part of a directed cycle of C; [32,
p- 25]. In the terminology of [33, pp. 357-358] and [34], weak
reversibility of (10) is equivalent to strong connectedness of
each connected component of €.

The following lemmas are needed. Furthermore, for
I=1,...,¢ let v € R" (respectively, e; € R") be such that
the jth component of v; (respectively, e;) is one if the jth
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vertex (respectively, jth edge) of € belongs to the /th con-
nected component of € and zero otherwise. It is easy to see
that AV[ =Bv,=¢ for all I =1,...,¢, which implies that
vi e N(B—A)foralll =1,...,0 Next, note that, since each
vertex of C; belongs to exactly one connected component of
¢, {v1,...,v;} are linearly independent and hence, since
rank(B — A) = m — £, it follows that N (3 — A) is the span of
{v1,...,v;}. Finally, note that

!
¢
321—1 Ovi Z 601V1, (105)
=1

where 0y,...,0, € R.

Lemma 3
Let o € (0,00)" and define T2 (B — A)" (xeT 0 A) € R™*™,
Then the following statements hold:
i) The reaction network (22) is weakly reversible if and
only if there exists p € (0,00)" such that (B—A)Tp=0.
ii) Assume that the reaction network (22) is weakly
reversible. Then rankI'=m —/¢ and there exists
p € (0,00)" such that T'(pov))=0 for all I=1,...,4.
iii) If the reaction network (22) has zero deficiency,
then rank[C vy ---v¢] = m.

Proof

To prove i), note that it follows from [32, Thrms. 4.5, 5.2] that
N((B — A)") is the span of {1, ..., 1.} where n. is the num-
ber of directed cycles of the graph € and #; is such that the
jth component of y; is one if the jth edge is part of ith
directed cycle of € and zero otherwise. Hence, if the reac-
tion network is weakly reversible, then every edge of € is
part of at least one directed cycle of €. Now, a positive linear
combination of all the cycles of € yields p € (0, c0)" such that
(B — A)Tp = 0. To prove the converse, assume that the reac-
tion network is not weakly reversible or, equivalently, there
exists an edge (say the Jth edge) that does not belong to any
cycle of C;. Hence, it follows that the Jth component of all
vectors in N'((B — A)T) is zero, which implies that there does
not exist p € (0, 00)" such (B — A)'p = 0.

To prove ii), note that —I'" is the Laplacian of the
weighted directed graph [34] obtained by assigning the
weight o; to the ith edge of €. There exists a permutation
matrix IT€ R™ ™ such that T2TI'TT and I = block-
diag(fl,...,f"p), where I, € R™>™ [=1,...,¢ are such
that Zle m;=m and —I] is the Laplacian of ;. Weak
reversibility implies that each connected component of € is
strongly connected. [Note that —I'T is the Laplacian of € in
the case where the vertices are reordered such that the /th
connected component (linkage class) of € contains the verti-
ces (complexes) numbered as m;_1 +1,...,m, 1 =1,...,¢,
where moé().] Hence, it follows from [34, Thrm. 1] that
rank I, =m; —1 for all I=1,...,¢, which implies that
rank I = rank I' = m — /.

To prove the second assertion of ii), let Ie{1,...,¢}, let
C,éfmin,v:h,_,m,yi, and let X,él",Jrc,Im,, where y; denotes the
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(i,i)th entry of I';. Now, note that X; is a nonnegative matrix
and, for i#j, the (i,j)th entry of X; is positive if and only if
there exists an edge from vertex j to vertex i of the linkage
class I. Hence, since the reaction network is weakly reversi-
ble, it follows from [33, Thrm. 6.2.24] that X; is an irreducible
matrix [33, p. 361], which further implies that there exists
p1€(0,00)" such that X;pj=p(X))p; (see [33, Thrm. 8.4.4]).
Consequently, f,fa,:(lecllml)falz(p(Xl)f c)pr and, since
0=e"Typ=(p(X;)—c))e’p; and eTp;>0, it follows that
c;=p(X)). Thus, there exists a positive vector p;cR"™ satisfy-
ing [yp,=0 for all [=1,...,£. Now, letting p=[p]---p}]" it can
be shown that po(IT"v;)=[0---p7 ---0]" so that I'(po(IT"v;))=0.
Finally, taking p=IIp implies that [(pov;)=TITI" (pov;)=
Hf(fzo (I"v;))=0, establishing the result.

To proveiii), let x € R™ be such that xT[Cvy - v =0o0r,
equivalently, x € N(CT) and xTv; =0 for all I=1,...,¢
Next, since N'(B — A) is the span of {vy,..., v}, it follows
that x e [N(B— A)]* = R((B— A)T). Hence, xec R((B—
A" N N(CT), and, since the reaction network has zero defi-
ciency, it follows from ii) of Proposition 10 that x = 0, which
proves that rank[C vy - - - v¢| = m. O

Lemma 4

Assume that the reaction network (22) has zero deficiency,
and assume that there exists « € (0,00)" such that (B—A)T«=0.
Then € R® satisfies (B— A)" (xoe™) =0 if and onlyif ue St

Proof
Since the reaction network (22) has zero deficiency, it fol-
lows from iv) of Proposition 10 that N((B —A)") =
N((B—-A)"), and hence, N((B—A)) is the span of
{m,...,n, } defined in the proof of i) of Lemma 3. Further-
more, since « € N'((B — A)") it follows that o = Y1, f;n; for
some f}; € R, i=1,...,1n.. Now, note that n; o e; = ; if the
ith cycle of € belongs to the /th linkage class of € and zero
otherwise. In both cases, (B— A)T(ni oe) = (B’ — A)T
(njoe)=0foralli=1,...,ncandl =1,...,¢

To prove necessity, let u e N'(B— A). Hence, (B — A)
Cu = 0, which, since N(é - 121) is the span of {v1,..., v/},
implies that Cu = Zle 0,v; for some 04, ...,0, € R. Hence,
it follows that

(B~ A (xoet) = (B—A) (x0Ae™)

¢
=B-AT <oc oA Zeo’vl>
=

(B — A)' (oo eey)

M-~

=1

3B - A (B (1 0 1)
=1 i=1
-0

Il
~

~

where iii) of Proposition 10 is used to obtain the first equality,
(105) is used to obtain the second equality, and the fact that
Avl =e/foralll =1,...,¢ is used to obtain the third equality.
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Conversely, assume that (B — A)'(xoe) =0, which
implies that (B — A)T(x 0 e4*) = 0. Hence,

0=B-A) (oA =B —A) (e’ o A)e" = TeH,
(106)

where I' is defined in Lemma 3. Next, note that, for all
I=1,...,¢

I'v; = (B— A) (xe" 0 A)y,
= (B— A (xoAv))
= (B-A)(zoe)

= BB - A0 e)
i=1
=0.

Furthermore, it follows from ii) of Lemma 3 that rank I" =
m — ¢, which implies that N'(I') is the span of {vy,...,v¢}.
Hence, it follows from (106) that ¢ = Zle e’v; for some
01,...,0, € R, which implies that Cy = Zle 0;v;. Now, the
result follows by noting that (B —A)u= (B - A)C,u =
S 0B — A)v; = 0. 0

The following result shows that weak reversibility is a nec-
essary and sufficient condition for a reaction network with
zero deficiency to have at least one positive equilibrium.

Proposition 11

Assume that the reaction network (22) has zero deficiency.
Then the reaction network (22) is weakly reversible if and
only if it has a positive equilibrium.

Proof

To prove necessity, let x. be a positive equilibrium of (22).

Hence, it follows from iv) of Proposition 10 that

(B — A)Tp = 0, where p = Kx2 € (0, 00)". Now, it follows from

i) of Lemma 3 that the reaction network is weakly reversible.
To prove sufficiency, note that

(B—A)T(kox?) =B - A) (ko Ax°)
= (B — A)T(ke" 0 A)x©
=TS,

where T2 (B — A)'(keT 0 A). Now, it follows from ii) of
Lemma 3 that there exists a positive vector p € R such that
I'(pov)) =0 for all [ =1,...,¢ Next, we show that there
exists a positive vector x € R°and scalars 0, e R, [ =1,...,4,
such that x€ = po ezlzl vt To see this, note that the exis-
tence of a positive vector x and scalars 0; satisfying
x“=po o2 " s equivalent to the existence of a solution
x to the equation Clog x = logp + Zle 0v; or, equivalently,

log x

[Cvy---vy] =logp. (107)

—0,
Now, since the reaction network has zero deficiency, it fol-
lows from iii) of Lemma 3 that rank[C vy - --v,] = m, and

hence, (107) has a solution, which implies that there e)sists a
positive vector x and scalars 0; such that x* =po e V1,

Next, it follows from (105) that
.
(B _ A)T(k ° xA) _ CTFXC — CTr (p ° 62121 ()JVI)

I3
=Y e"C'T(pov) =0,
=1

which implies that x is a positive equilibrium of the reac-
tion network (22). |

Next, we show that every positive stoichiometric com-
patibility class contains exactly one equilibrium for a
weakly reversibile reaction network with zero deficiency.
The following lemma is needed for this result.

Lemma 5

Let p,p € (0,00)°, let X be a subspace of R°, and define
Xt2{x e R :xTy=0forall y € X}. Then there exists a
unique u € X+ suchthat (poet —p) € X.

Proof

Define ¢:R°—R by o(x)2pTe*—pTx. It can be shown that
lim | —o(x) =00. Now, let r>0 and, since limjy| — o ¢(x) =
oo, it follows that C,é {xeR’:p(x)<r} is a compact set.
Hence, CA,é{xeXL:qo(x)Sr} is also a compact set, which
implies that there exists u€ X such that ¢(u) <@(x) for all
x€C,. Now, since XL:C,U{xGXL: o(x)>r} it follows that
(1) < p(x) for all xe X*. Specifically, ¢(u) < @(u+0y) for all
0cR and yeX*. Thus, f(@)éqo(,u+9y) has a minimum at
0=0, which implies that

_df
0=30

_ 90
0= Ox

X=p

Hence, since y € X" is arbitrary, (d¢p/ 0x)|,_, = (poe' —p)
€ X, which establishes existence.

To prove uniqueness, let ji € X* be such that (p o e — p)
€ X. Since p, 1 € X+ and (poe' —p), (poel —p) € X it fol-
lows that (u — fi) € X+ and [p o (¢* — )] € X, and hence,

0=@—'po —e" = pi(u — )" —e). (108)
i=1

Next, since the exponential function is an increasing function, it
follows that (; — fi;)(e" — ) > Oforalli = 1,...,s,and, since
p € (0,00)’, it follows from (108) that (y; — fi;) (e* —e®) =0
foralli =1,...,s,or, equivalently, 1 = fu. O
The next result characterizes all positive equilibria of
zero-deficiency, weakly reversible reaction networks.

Proposition 12
Assume that the reaction network (22) has zero deficiency and

is weakly reversible, and let x, be a positive equilibrium. Then
£, ={x€(0,00) : logx — logx. € S*}. (109)

Furthermore, every positive stoichiometric compatibility
class contains exactly one equilibrium.
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We consider the realizahility problem, which is concerned with the
inverse problem of constructing a reaction network having specified
essentially nonnegative dynamics.

Proof
To prove that £, has the form (109), let x. be a positive equilib-
rium, letx € (0, o0)°, and define u £ log x— log x.. Then

(kox?) = (kox? ox;% o xf)
= (k o elo8¥ o g~Aloge o x’e“)
= (koeMox
= (kox? oe™.

Now, assume that x is also a positive equilibrium so that
(B—A)T(koxoet) = (B—A)T(kox")=0. Since x, is an
equilibrium, we have (B — Al (ko x2) = 0. It thus follows
from Lemma 4, with o = ko x4, that u € S*. Conversely,
assume that u € S*. Since (B— A) (ko x4) =0, it follows
from Lemma 4 that 0= (B—A) (ko xdoeM)y = (B - AT
(k o x*), which shows that x is an equilibrium.

To prove the second assertion, let S, é{p +x:x€S}
denote a stoichiometric compatibility class, where
p € (0, 00)°’. Now, with X = S, it follows from Lemma 5 that
there exists a unique u € S* such that (xe 0 e* — p) € S or,
equivalently, (x. o ¢") € S,. Now, the result follows by not-
ingthat&, = {xeoe": ue S} C(0,00). O

We now have the main result of this section.

Theorem 7
If the reaction network (22) has zero deficiency, then every pos-
itive equilibrium of (22) is semistable with respect to (0, oo)°.

Proof
Let x, be a positive equilibrium of (22) and define the Lya-
punov candidate V : (0, oc)° — Rby

S

V)2 [ri(log; — log xe) — (xi — xe)],

i=1

where x; and x,; are the ith components of x and x., respec-
tively. It follows from the inequality loga <a —1 for all
a > 0, with a = x;/x;, that V(x) > 0 for all x € (0, 00)®. Since
loga =a —1if and only if a = 1, it follows that V(x) = 0 if
and only if x = x.

Next, for x € (0, 00)°, define u A log x — log xe, and note
that it follows from loga <a —1, a > 0, with a = e/
erowilAn) that

eMo [(B— A)u] << B — A, (110)
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with equality holding in (110) if and only if (B — A)u = 0.
Using (110), along with iii) and iv) of Proposition 10, yields

V(x) = u'(B— A)TKxA
_ HT(B 7A)TKeAlogx
= u"(B — A)TK(eA108% o 1)
= ([B = 4] o ()T K
= (Kx)" (M o [(B — A)u)
< (Kx)" (e — e
= (Kx)T(B — A)e"
= [B- )kl "ec

=0, (111)
which proves that every positive equilibrium of (22) is
Lyapunov stable.

Next, assume that the reaction network (22) has zero
deficiency. If x € (0, 00)" satisfies V(x) = 0, then it follows
from (111) that (Kx2) (e o [(B — A)u]) = (Kx4)T (P — eA¥).
Now, since Kx2 >>0, it follows from (110) that that
e o [(B— A)u] = eP* — e, which implies that (B — A)u =
0, and hence, (logx —logx.) € S*. It now follows from
Proposition 12 that x is a positive equilibrium of (22) and, as
shown above, x is Lyapunov stable. Thus, every element of
the largest invariant set of {x € (0, 00)’ : V(x) =0}isa Lya-
punov-stable equilibrium. Furthermore, for # > 0, let U,
denote the closure of the connected component of
{x € (0,00)* : V(x) < n} containing x.. Since V() is contin-
uous in (0,00)° and V(x.) = 0, it follows that there exists
f >0 such that Up C (0,0)° and is compact. Now, with
U =Up, Theorem 6 implies every solution to (22) with
x(0) € Up converges to an equilibrium that is semistable
with respect to U;. Finally, the result follows from the defi-
nition of semistability with respect to (0,00)" and the fact
thatl{s has a nonempty interior. O

The following version of Theorem 7 is proved in [19] and [20].

Theorem 8

Assume that the reaction network (22) has zero deficiency and
is weakly reversible. Then every positive stoichiometric com-
patibility class contains exactly one equilibrium. This equilib-
rium is asymptotically stable with respect to the positive
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stoichiometric compatibility class that it is contained in, and
there exist no nontrivial periodic orbits in (0, co)’.

Proof
The first assertion is a consequence of Propositions 11 and
12. The second assertation follows from Theorem 7 and using
the facts that every positive stoichiometric compatibility
class is invariant, contains exactly one positive equilibrium,
and V(x(t)) is a (strictly) decreasing function on every nontri-
vial solution to (22) in (0, 00)®, where V() is the Lyapunov
function defined in the proof of Theorem 7. O
Note that the conclusions of Theorems 7 and 8 can be
strengthened without any additional assumptions. Specifi-
cally, [14] shows that, for every initial condition in the non-
negative orthant, the positive limit set is a subset of the set of
nonnegative equilibria. Furthermore, if every positive stoichi-
ometric compatibility class has no equilibria on its boundary,
then every equilibrium is globally asymptotically stable rela-
tive to its positive stoichiometric compatibility class.

Example 1, Continued

This reaction network has zero deficiency and is weakly
reversible. Theorem 8 thus implies that every positive stoichi-
ometric compatibility class contains exactly one equilibrium,
and this equilibrium is semistable with respect to [0, oc)’. =

Example 2, Continued

This reaction network has zero deficiency and is weakly
reversible. Theorem 8 thus implies that every positive stoichi-
ometric compatibility class contains exactly one equilibrium,
and this equilibrium is semistable with respect to [0, c0)*. =

Example 3, Continued
This reaction network has deficiency 1 and is not weakly
reversible. Hence, Theorem 8 does not apply. L

Example 4, Continued
Although this reaction network has zero deficiency, it is not
weakly reversible. Accordingly, Theorem 7 cannot be used
to conclude semistability. However, Lyapunov methods,
based on nontangency between the vector field and invari-
ant subsets of the level sets of the Lyapunov function
V(x) = oax1 + x2, where o € (1,1 + k3 /k), can be used to con-
clude semistability of every equilibrium in £ = {x € [0, 00)*:
x1 =0, x2 =0, x3 > 0}. For details, see [17]. ]
The following example is a modification of Example 4 to
include weak reversibility.

Example 5
Consider a modification of Example 4 in which all reactions
are reversible, that is,

ki ks
S+E=C=P+E

) ky

(112)

so thats = 4 and r = 4. It thus follows that A and B are given by

1010 0100
I N
0011 0100
and the kinetic equations have the form
() = k() —kixa®xs), x10)=x0, 20,  (114)

Xo(t) = —(ka + ka)xa(t) + kax1 (£)x3(t) + kaxa(t)xa(t),

x2(0) = xz0, (115)
x3(t) = (k2 + ka)xa(t) — kyxa (£)x3(t) — kaxa(B)xa(t),

x3(0) = x30, (116)
X4(t) = ksxa(f) — kaxs(t)xa(t),  x4(0) = xa0. (117)

Since this network has zero deficiency and is weakly revers-
ible, Theorem 8 implies that every positive stoichiometric
compatibility class contains exactly one equilibrium, and
this equilibrium is semistable with respect to [0, 00)°. u

CONCLUSIONS

In this article we presented a matrix-vector form of the
kinetic equations for the mass-action kinetics of arbitrary
reaction networks. We proved that these equations have
nonnegative solutions for all nonnegative initial conditions,
and we presented a procedure for reducing the order of
these equations for reaction networks with low-rank
dynamics. Next, we considered the stability of these equa-
tions, including asymptotic stability, semistability, and Lya-
punov stability. In particular, the notion of semistability was
shown to pertain to the kinetic equations for cases in which
the equilibrium to which the network converges depends on
the initial concentrations. We proved the sufficient condition
for semistability given by Theorem 7 and due to [19] and
[20], and we stated and applied Lyapunov conditions for
each type of stability to four examples. Finally, we analyzed
the stability of positive equilibria of the kinetic equations
using the zero deficiency theorem of [19] and [20] and
proved semistability using the techniques of [17].
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