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Abstract: The problem of reduced order LQG optimization is addressed in a finite horizon, linear time-varying (LTV) system
setting. First-order necessary conditions for local optimality in the parameter space is provided in terms of four coupled matrix
differential equations. This result provides a transparent generalization of the optimal projection equations of Hyland and
Bernstein for the optimal, steady-state compensation of linear time-invariant (LTI) plants
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1. Introduction

The solution of the Linear Quadratic Gaussian (LQG) optimal control problem has been known for
some three decades, in both the infinite horizon LTI and finite horizon LTV settings [13]. The optimal
dynamic compensator couples an optimal state-feedback with an optimal state estimator. In particular,
that compensator is of the same order as the plant. In a series of articles [3,4,7] the problem of finding
the optimal dynamic compensator of a specified reduced order has been addressed in LTI infinite
horizon systems. The results provide necessary conditions for optimality which involve four mutually
coupled matrix equations (two algebraic Riccati and two algebraic Lyapunov equations). The coupling is
due to a projection matrix which appears in all four equations, and whose rank is precisely equal to the
order of the compensator and which determines the optimal compensator gains. Intuitively, the reason
for the coupling is the fact that the choice of the subspace of the state-space to which the compensator’s
state belongs is directly related to all aspects of the optimization process. Consequently, it represents a
break down of the separation between the operations of state estimation and state estimate feedback; i.e.
the certainty equivalence principle is no longer valid. The proof is based on expressing the closed-loop
cost as a function of the design parameters (= the compensator’s coefficients), and the utilization of a
basic Lagrange multipliers argument for optimization over the parameters space. Thus, this approach
provides a constrained optimal control methodology in which we do not seek to optimize a performance
measure per se, but rather a performance measure within a class of fixed structure controllers.

In this paper we extend the results of {7] to the finite horizon — LTV case. The parameter space is
now that of matrix valued functions, and a new feature of the problem is the dependence on data on the
statistics of the initial state. Not surprisingly, the solution is based on mutually coupled two differential
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Riccati and two differential Lyapunov equations. Here again, the coupling is duc to a (time-varying)
projection matrix whose rank along the finite interval is equal to the order of the compensator. As in the
LTI case, when the order reduction constraint is removed, the well known decades old solution of the
LQG problem reimmerges. Several potential benefits may result by developing the finite horizon,
fixed-strucure, reduced-order dynamic compensation results. Specifically, the finite-time differential
Riccati equations may provide an alternative approach to homotopy methods [6,12] for solving the steady
state optimal projection equations via numerical integration. Furthermore, the theory developed herein
can be easily modified to address the reduced order synthesis for infinite time linear periodic systems.
This extension will provide the framework for designing reduced order controllers for higher harmonic
control of helicopter vibrations.

2. Reduced-order LQG time varying control problem

Our setting is the familiar form of the LQG problem with the standard ‘nicety’ structural assumptions.
We consider an LTV linear system

x(t)=A()x(t) +B(t)u(t) +wy(t), (2.1a)
y(1) = C(t)x(1) +wy(1), (2.1b)

with continuous coefficients !, defined over a finite interval [z, 7,], where x(z) € R", u(t) € R and
y(t) € R’ Here the initial state is a random variable with E(x(ty)) =x,, E(x(ty)x(z))")=Q,; the
disturbances w;, i = 1, 2, are Gaussian zero—mean white noise signals with Vi(£)8(; —s) = E(w(1)w,(s)"),
where both V; are continuous and V, is assumed to be uniformly positive definite; finally, the initial state

and the two noise signals are assumed mutually independent: E(w (£)w,(s)T) = 0= E(w,(1)x(1,)").
Our objective is to find a linear controller of the form

)&C(t) =Ac(t)xc(t) +Bc(t)y(t)’ xc(t()) =Xco> (223)
u(t)=C(t)x.(1), (2.2b)

which minimizes a quadratic cost functional

J(A,, B,,C., x) =E{f"[x(t)TRl(t)x(t) + u(t)TRz(t)u(t)] dt +x(t|)TR3x(t1)} (2.3)

where x () € R", R, and R, are continuous, R, and R, are positive semidefinite and R, is uniformly
positive definite. The particular feature of the problem discussed in this paper is that the order of the
compensator, n, is predetermined to be lower than that of the plant: n <n.

We shall allow only ‘minimal realizations’ of the compensator. That is, we shall restrict our attention
to compensators of the form (2.2) that are both completely controllable and completely observable over
any positive interval. As the coefficient triplets (A, B,, C.) will be embedded with the Cl¢,, t;]X
Clt,, t,1 X Clt,, t,] of continuous matrix functions, it is noted that the family of admissible compensators
forms an open set. That will enable us to invoke variational arguments in our characterization of optimal
solutions.

For a given compensator (A, B_, C.), the closed-loop system can be written as

£(t)=A(t)Z(t) +w(t) (2.4)

I Qur assumption that the system coefficients, and later on, the compensator coefficients, are continuous, is made for simplicity.
Other function spaces, such as L, are also possible.
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with the cost functional

J(A,, B, C.) =E{f"f(x)TRf(t) dt +i(t1)TR0JZ(t1)}, (2.5)
fo
where
_ x B W, . A  BC, . | R, 0 . R, 0 56
x_xc’w_Bcwz’ lBC 4, 7 o CcRec.| " o of (2.6)
and
E(w(t)w )T)—a(t—s)V(t)—a(z—s) Vi (1)
(W()(s 0 BV,BT|"V”
o xoxfo

2.7)
E()'c'(to))=f0=[;;], E(f(to)f(to)T)=Q~0= }

T T |’
XcoXo XcoXco

Let &(-,-) be the transition matrix generated by the augmented matrix A. The following is a standard
observation (see e.g. Kwakernaak and Sivan [9], pp. 85-112).

Proposition 2.1. Given a compensator (2.2), the second moment matrix Q(t) = E(Z(t)%(t)T) satisfies the
differential Lyapunouv equation

Q(1) =A(1)0(t) + O(1) A(1) + V(1), 0O(ty) = G0, (2.8)

or equivalently,
5 z 5 T ! £ 5 z T
O(t) = B(t, 1) GoB(t, to)" + [(B(t, )V (5)B(1, 5)" ds. (2.9)
Ly
Let us define also P(t) by the dual Lyapunov equation

P(t) = —=B(1)A(t) —A()"P(1) - R(¢), PB(t,) =R,. (2.10)
Then

J(A., B., C., xg) =tr{1i0Q‘(z1) +/’11é(t)Q'(t) dt} =tr{l5(t0)Qo+ft115(t)V(t) dt}. (2.11)

In what follows it may be convenient at times to think of the two matrix equations in Proposition 2.1,
translated into equivalent vector forms. For this result we use standard Kronecker algebra notation. (For
precise definitions and details see e.g. Brewer [5].) Given a matrix M € R’*™ we denote by vec M € R
the vector obtained by stretching the columns of M. ‘®’ will stand for the Kronecker matrix product and
define M&®N=M®I+1®N. Subject to these conventions, straightforward manipulation yield the
following vector forms for (2.8) and (2.10):

%vec o(t) = [/f(t) eBA~(t)] vec Q(t) +vec V(t), vec O(t,) =vec O, (2.12)
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and

e P(1)= = [A(1) @ A(1) [vec P(1) —vec R(1), vec R(1,) = vec R,. (2.13)

In this case

J(A., B, C.) = (vec RO)T vee O(1)) +/"(vec R(t))TQ-(t) dt

= (vec lfs(tﬂ))T vec Qg + fll(vec I;(t))TV(t) dt. (2.14)

3. Necessary conditions for optimality

In this section we obtain necessary conditions for optimality that characterize solutions to the
reduced-order LQG time-varying control problem. Our main observation is summarized as follows.

Theorem 3.1. A necessary condition for a choice (A, B,, C., x.,) of the compensator’s parameters to be
locally optimal (relative to the Clt,, t,]1 X Clt,, t,]1X Clt,, t,]1 X R™ topology and with respect to the cost
functional J) is that there will exist matrix functtons re C([t(,, t), R*Xm), G € C((t,, t,], R™*"), P, Q, P
and Q €C [z, t,], R"*") with the following properties:

r(G™(t)=1,, (3.1a)
r(t) =GN () (1) = (1)’ =7(1), (3.1b)
rank ﬁ(t) = rank Q(t) =n,, (3.1¢c)
IM, M~ eC((1y, 1), R*), O(2)P(r) =GT(t)M(e)I (1), (3.1d)

and such that the differential matrix equations

~P=PA+A"P+R, - PBR;'B"P + 7T PBR;'B"Pr _, (3.2a)
O=AQ+ QAT +V, - QC™V;'CQ + 1 QCTV; ' CQr" | (3.2b)
-P= P(A-QCTV;'C)+ (A4 —-QC™V;'C) P+ PBR;'B™P - 7% PBR; 'B"Pr |, (3.2¢)
Q= (A-BR;'B"P)0 + O(A - BR;'B™P)' + QCTV;'CQ -7, QCTV;'CQT (3.2d)

(where 7 | =1, — ) are satisfied. The parameters of the locally optimal compensator are then given by

A.=I'(A-QC"V;'C—-BR;'B'"P)G" +I'G", (3.3a)
B.=TQC™v;!, (3.3b)
C.= —R;'B'PGT, (3.3¢)

X0 =T'(19) xo. (3.3d)
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Finally, all the definitions above are associated with the eventual solutions of (2.8) and (2.10) as follows:
Denote the blocks of P and Q (relative to the state space direct sum decomposition R"*"c = R" X R"<) by

15=[£1;2 I;jj and Q=[Q1T12 %‘;] (3.4)
Then
I(1) = =Py(1) 'Py(r)", (3.52)
G(1) = Qy(1) "' Qu(1), (3.5b)
7(1) = G(1)'I'(1), (3.5¢)
P(t) =(P,—P,P;'PL)(1), (3.5d)
Q(t) =(Q, — 01,07 0L )(1), (3.5¢)
B(1) = (PP 'PR)(1) = —I'(1) PE(1), (3.5f)
0(1) = (21,057 'Q%)(1) = GT(1)QL(1). (3.5¢)

Remark 3.1. With the exceptlon of one case, our theorem does not provide a simple expression for the
terminal values of P and P and the initial values of Q and Q in terms of the specified parameters. The
exception is the case where R; =0 and Q, = 0 (then, in particular, x,=0). Then P(t,)= P(¢,) = 0 and
Q(ty) = O(t,) = 0, respectively. Details are brought in the proof.

Remark 3.2. In the case that n =n_ (3.1a) implies invertibility of I" and G and the equalities I'~' = G7,
=1 and r | = 0. Thus equations (3 2a, b) reduce to the familiar form of the Riccati equations associated
with LQG optimization. Without any coupling, solvability of (3.2¢) and (3.2d) add no further constraints.
A change of state variable from x. to GTx, then brings the compensator (3.3) to the usual form of an
LQG-optimal controller. In partlcular in that case one can easily establish the continuity of I" at ¢, and
of G at t,: Indeed, let @, be the transition matrix generated by A,, as defined in (3.3a) and let ¥, be
that generated by the more standard A — QC™V; 'C ~ BR; 'B™P. Then the change of state from x_ to
G'x, implies GT()® (¢, 5) = (1, $)G(s) and Pz, s)F(s) r)w.s, s). In particular, GT (to) =
Yy, DGT()DL1, t) and I'(t)) = D¢, )[(1)¥t, t,) are both bounded.

The proof of Theorem 1 is based on application of well known (see e.g. Luenberger [11] or Lee and
Markus [10]) non-linear optimal control / Lagrange multiplier rules to our problem. In point of fact, in
the context of our discussion, we shall focus on the ‘Matrix Minimum Principle’ version of those results,
as summarized by Athans in [1]. For the reader’s convenience we first recall some basic definitions and
facts.

Definition 3.1. Let X and Y be Banach spaces and T: X — Y a continuous, possibly non linear mapping.
We say that T is Fréchet differentiable at a point x € X if there exists a bounded linear operator
T'(x): X > Y (= the Fréchet derivative of T at x) such that

HT(x+h)-T(x)=T'(x)h
VhelX, lim ( ) (x) (%) I =
&l =0 Al

(3.6)

The point x is called a regular point if T'(x) is surjective.
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The Basic Optimization Theorem. Consider continuously Fréchet differentiable functions f: X — Y and
g X = R and the optimization problem

min  g(x). (3.7)
X flx)=0

Then a necessary condition for a regular point of x* of f to be a local solution is the implication

VEEX, f'(x*)E=0 = g'(x*)é=0. (3.8)

Proof of Theorem 3.1. In order to facilitate the presentation we shall break the proof into four steps.
Step 1. The optimal control problem.
We bring the optimization problem of Theorem 3.1 to the general form of the Basic Optimization
Theorem as follows: The optimization parameters will be (A_, B,, C., O, x,). We set

F(Acs Bes Cov 0 xe0) = O(1) — 0 — [’lﬁ(s)Q(s) +0(s) A(s)" + V(s)] ds, (3.9a)

g(Ac7 BC’ Cc’ Q~’ XCO) =tI.{R()Q‘-(tl) +/tllé(t)Q~([) dt} (39b)

The parameter space will be X =(Clt,, £,D* X R" and Cl¢,, t,] will substitute for Y. This defines an
unconstrained optimal control problem with Q being the ‘state’ and the rest of the optimization
parameters determining the ‘control’, as well as that part of the ‘initial state’ Q(to) that can be freely
assigned via the choice of x,. )

Given any perturbation (F,, G, H,, &, £,) of (A., B,, C., O, x), there holds >

af(Ac’ Bc’ Cc’ Q’ xc())
A,

vee

rlo=~[o £lelo ] e oo as

of (Ae, B, Cor O, xp)

vece

G |(t)

fllde Yol Gormecors

! 0 0
/Ivec[o B VZGT](S) ds — fvec[o G VZBT}(S) ds,

of (Ag» B, Cor Q5 Xp) [0 BH._[0 BH,
vec 2C. HC)(t)— _'/;.HO 0 ]@[0 H(s) vec Q(s) ds,
af(Ac’ Bc’ Cc’ Q’ xc[)) . O x()g(;r
vee axCO gc)(t) - Vec|:§cxg xcoch"'fcho ’
vec (Ao, Bag 0, xcﬂ)g)(,) = vee 5(1) ~f’[A‘(s) ® A(s)] vec Z(s) ds, (3.10)

2 In what follows we use ‘9’ in reference to partial Fréchet derivative, consistent with the definition above.
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and

ag(Ac’ Bc’ Cc’ Q’ ch)

A, =0, 0B, G. =0,
ag Ac7BcaCC’ Q9 xc t 0 0 T -
( c O)HC :/,(,l[vec[o CngHc:l(S):| vec O(s) ds

+/'1
t

0

0 0 T
Vec[0 HcTRch](s)} vec Q(s) ds,

3g(AC, BC’ Ccy Q’ xCO)
5 ¢
Xco

C 2

ag(Ac’ Bc’ Cc’ Q’ ch)
80

E= [VCC ROITvec 2(t,) + '/;tl[vec Ié(s)]Tvec E(s) ds. (3.11)
0

One immediately observes that the linear operator f (4., B, C,, Q, X ) is surjective for any choice of
(A, B, C., O, x) and that the condition

f’(Ac’ Boa Cc’ Q~7 xc()) (3.12)

EOR || o !
I
o

translates into a differential equation in =1 and, eventually, into a representation of this function in terms
of the other four components of the perturbation vector. Thus

d . _ . .
—vee (1) = [A(t) ® A(1)] vec B(1) +

0 BH, 0 BH, -
@ GC F vec Q[(t)

dt GcC Fc
0 0 0 0 313
+vec| BV,GT (t) +vec 0 GV,BT (t), (3.13a)
- 0 xoét
E(ty) = . 3.13b
( 0) L.:ng xcoch+§cho ( )
Alternatively, the matrix differential equation is
= _A"t A +»; A’ T+ 0 BHC X =4 0 BHC B
B =AEN +EOAD +| o o 000+ 00| g g (o)
0 0 0 0
+lo BV,GT () + 0 GcVchT](t)' (3.14)
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The Optimization Theorem then says that (A, B.. C.. Q. x ) is a local solution of (3.7) only if there
holds

Qm
ottt on

X
Il
=

e}

g,(Ac? Bc’ Cc’ Q’ xc()) (315)

Iy,

e
o

for all choices of (F,, G, H,, &) and with Z, as defined in (3.13).

Let P be the (positive semidefinite), backwards solution of (2.10). If we write (3.15) explicitly and
substitute the variation of parameters representations formulae for £ and then for P, it becomes a
matter of straightforward computation to see that the optimization condition translates into the

following:

T
tr P(tg)| . i"gc L =0 (3.16a)
§cx0 xcﬂfc +§CxC0
el 0 BH s, 5 O BHCT+P0 0 1,10 0 s
rf,” cc F|9"C6c E 0 BV,GT|"|0o GV,BT
L 0 J. 00 0 5|4
Qo ¢y |T|o HIR,C |2
_oufpg| O BHelipl0 O 5| 0 di=0 3.16b
- trf,(, Qe F 0o BV,GT|TCo crr,m || =0 (3.16b)

for all choices of (F,, G,, H,, ¢.). Consistently with the block structure given in (3.4), these equalities
eventually become:

Py(tg)xen+ Piy(19) X0 =0, (3.17a)
C(QP;+ 0y, P,) +V,BIP, =0, (3.17b)
(Q1LP +Q,P)B +0,C/R, =0, (3.17¢)

LPL+0,P,=0. (3.17d)

Step 2. The optimal B, C_ and x .
Claim. The matrices P,(t), t,<t <t,, and Q,(t), t, <t <t,, are positive definite matrices.
Proof of the Claim. Consider the augmented system

x=Ax+mn, (3.18a)
X.=A.x.+BV} .. (3.18b)
By assumption, the compensator’s state equation, (2.2a), is completely controliable over any interval of
positive length. In view of the fact that V, is uniformly positive definite, the same applies to (3.18b). This
property cannot be destroyed by a state feedback that couples (3.18a) with (3.18b). In particular, the
system
v\/2 0

f=A(t)i+B(t)i where B=
()% +B(1) 0 sy

(3.19)
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enjoys the property that any designated x -component of the terminal state can be reached over any time
interval of positive length, by an appropriate choice of the input 2.

Let £(¢t) be the controllability Gramian over the interval (¢,, ), with block partitioning consistent
with (3.4). Following from the fact that £(¢) is positive semidefinite we know that so is the block Z,(t)
and have the implication

VE, E18y(1) =0 = £&5(1) =0. (3.20)

Yet the space of possible x -components of states of (3.19) at the time ¢ is spanned as the image of
[£5() £,(1)], and as argued above, it is the entire R". So Z,(¢) must be non-singular, hence positive
definite.

All that remains to be noticed in order to conclude that Q,(¢) is positive definite is the fact that Z(1)
is exactly the integral term in the expression (2.9) for Q(¢).

The positivity of P,(¢) is established similarly, invoking the uniform positivity of R, and the assumed
observability in (2.2). Hence the Claim.

Following from the Claim, the definitions in (3.5) are all well made. With these definitions it is now
easy to see that the conditions (3.1a,b) in the Theorem are a consequence of (3.17d) and that (3.17a,b,c)
imply that the formulae (3.3b,c,d) for the optimal B, C, and X are satisfied, respectively.

In addition, we make note of the following points: (1) P and @ are obviously positive semidefinite. (2)
From standard results on block structured positive matrices, since P and Q are posmve semidefinite and
uniformly bounded, the same must apply to P and Q. This further 1mp11es that P and Q are bounded by
P, and Q,. In particular, if P(z,)=0and Q) =0 then P(¢,) = P(1,) = 0and Q(t,) = O(1,) = 0. (3) At
thlS point we can see that the definitions (3.5a,b) and the estabhshed equality (3.1a) imply that P, and
Q,,; hence P and Q are of rank n_ along (¢, t,) and that (3.1d) will hold with M = Q[,P;, = —~Q,P,.

In the ensuing developments we shall refer to this next explicit block structure of (2.8).

Q,=AQ, +0Q,A" +V, — BR;'B"PG"Q], - Q,,GPBR; 'B”, (3.21a)
Q,=AQ,+Q0,,A.—BR;'B"Q,+Q,C"V;'CQI'T, (3.21b)
0,=A.0,+0Q0,AT+TQC™V;'CQ,, + QLCTV;'CQI' "+ TQCTV;'CQr™. (3.21c)

Step 3. The optimal A, and the Riccati and Lyapunov equations (3.2).
Appealing to (3.21b,c) one obtains

ro, - Q2 T'AQ,, +I'Q,, AT —I'BR;'BTPG™ + ro.cv;'cor'—-4.Q0,- 0,4
—rQC™V;1CQ,, - QLCTV;1CQI™ - rQC™V;'CQr™. (3.22)
By (3.5) and (3.17) there also hold
rQ,-0,=0, I'Q,-QL-rg=0, IG"=(rg,-0,)0;" (3.23)
Combining (3.22) and (3.23), and the obvious fact I'GT + I'GT = 0, we finally get
A.=T(A-BR;'BTP—QC"V;'C)GT-I'G"=T'(A-BR;'B'™P - QC"V;'C)GT +I'G",
(3.24)

as claimed.

Equations (3.2a,b) are obtained in a similar way, by direct computation: One invokes the explicit
definitions in (3.5d-h), the differential equations (3.21) and their counterparts for the blocks of (3.14).
Equations (3.2c,d) are then an easy consequence of (3.2a,b) and the relations

P=P,—P and 0=0,-0. (3.25)
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Step 4. Continuity of P, P Q and Q at the boundary points.

The problem that may arise here is due to the fact that, per our proof, the terms involving 7 in (3.2)
are not necessarily bounded at the initial and /or the terminal time. We shall be content with establishing
continuity of P at ¢,. The arguments pertinent to the solutions of (3.2b—d) are completely similar.

Since P,(t,) is invertible, P(¢,) (and P(1,)) is well defined. Approaching ¢ = ¢, integration of (3.2a)
yields

P(t)—P(t,) +['(PA +AP+R))(s) ds = —f[(f'[PBR;IBTPTL)(s) ds. (3.26)
Lo f
We have already established that all the terms on the left hand side of (3.26) are uniformly bounded,
while the term on the right hand side is a monotonously decreasing, negative semidefinite matrix.
Boundedness and monotonicity imply the existence of a limit in the right — hence on the left hand side.
In particular, P is continuous at ¢t =¢,.
This completes the proof of the theorem. O

4. Conclusion

Optimality conditions have been obtained for the problem of designing reduced-order dynamic
compensators for LTV systems. The resulting first-order necessary conditions in parameter space provide
a generalization to the optimal projection equations for steady-state, fixed-order dynamic compensation
of LTI systems. As in the steady-state LTI case, the optimality conditions presented herein present new
challenges. Specifically, since the differential coupled Riccati/Lyapunov equations are nonstandard,
their analysis requires extensions of existing frameworks as well as development of new techniques.
Furthermore, numerical challenges also arise since the optimal gains call for a solution of coupled two
point boundary value problems. These remain areas of future research. Finally, the results of the paper
can readily be extended to the reduced order time-varying Kalman filter problem [2], optimal model
reduction for time-varying plants [8], and time-varying discrete-time systems [4].
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